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T:£E  juruwiwi:*  wjsnm  laxkk  c:  a  cot-s’r^Bi^  fluid 

Donald  Colons 


The  first  object  of  t.-  is  paper  is  to  develop  e  tru:  :format'.c-  vb..:.v 
reduces  the  boundary-1  ayer  equations  for  coraprcc.'ible  tvo-ci  :er.sloo-.l  < x*v 
turbulent  .-notion  to  incompressible  form.  The  second  Object  t’"  opr*’,  t’a: 
transformation  to  the  special  case  of  the  adiabatic  turimJunt  oou.  ui r/  !.  »ycr 
on  a  smooth  vail.  An  important  difference  between  the  present  tran.-Ior  »*- 
tlon  and  others  vhich  have  been  previously  proposed  it  th.it  the  present 
transformation  reprecer.tr.  at  every  stage  a  cenuine  kinematic  find  dyi.a'ic 
correspondence  between  two  real  flow*,  both  of  which  are  capable  01  ucl:.:* 
observed  experimentally.  ninco  the  mean  pressure  ana  -.via  velocity  cun  thei 
be  .ViCar/ired  in  either  flow,  t..e  .:i can  acceleration  of  t.-ic  fluid  ca.i  m  pri:  - 
clple  be  determined,  and  tne  shearing  stress  can  be  adequately  ami  -ice- jrHtcly 
defined  as  the  stress  vhici.  ir  oe:es»sary  tc  account  for  this  ..cede  rut  ion. 
This  formulation  leads  to  a  general  transformation  valid  for  laminar  or  tur¬ 
bulent  flow  In  vakos  and  boundary  layers,  without  regara  to  the  state  or 
energy  equation!;  or  t  .e  viscosity  lav  for  the  compressible  fluid,  and  vith- 
c  it  regard  to  the  boundary  coudJt  ions  on  surface  pressure  or  tetiperuture  in 
the  event  that  a  surface  is  involved. 

Given  a  boundary -layer  flow  ot  *  Newto  i  jii  fluid  pant  a  smooth  wall, 
but  with  no  other  restrictions,  it  to  enenrr.  tnat  the  combination 

(°oo|l®^0v,S^CfRe  *wncr#  cf  *  2VP oouoo  *  local  friction  coefficient , 

"«  *  P00U00#/UJ5  -  local  momentum -thickness  Reynolds  number)  ir  an  invari¬ 
ant  of  the  tronsior  .ation.  Cnir  result,  which  in  both  new  uno  mufti,  m 
referrod  to  oa  t.u*  low  of  corm.sponJi  ,,  stations. 


— ; 


The  special  properties  of  the  transformation  tor  the  cave  or  the  tur¬ 
bulent  boundary  layer  at  constant  pressure  arc  ne>rt  derived*  Zt  ic  found 
that  one  further  assumption  has  to  be  ado  in  ordor  to  apply  the  transfor¬ 
mation  to  this  problem.  After  a  survey  of  experimental  data  on  local  sur¬ 
face  friction  in  compressible  flov,  the  assumption  chosen  in  this  paper  it 
that  the  sublayer  Reynolds  number  is  unaffected  by  compressibility  or  heat 
transfer  provided  that  the  density  and  viscosity  arc  evaluated  at  a  mean 
sublayer  temperature  defined  by  the  trans  format  ion.  The  retaining  empiri¬ 
cal  quantity,  the  numerical  magnitude  of  the  sublayer  Reynolds  number,  is 
evaluated  experimentally  and  is  found  to  be  of  the  order  of  the  least 
Reynolds  number  for  vhich  tuxtoulent  flow  can  be  observed. 

Finally,  explicit  formulas  are  obtained  for  the  effect  of  Mach  number 
on  surface  friction  when  the  fluid  is  a  perfect  gas  and  the  stagnation  tem¬ 
perature  Is  constant  or  linear  in  the  velocity.  Three  novel  Implication .* 
of  the  analysis  are  that  streamlines  ore  not  transformed  into  streamlines 
by  the  transfozmtion  in  the  case  of  turbulent  flov,  that  laminar  and  tur¬ 
bulent  shearing  stresses  arc  transformed  by  different  rules,  and  that  the 
ratio  Ty/p  (or  the  product  Cf)  remains  finite  at  large  Mach  numbers. 

An  appendix  contains  an  exhaustive  critical  survey  of  the  experimental  lit¬ 
erature  of  lov- speed  turbulent  flov  at  constant  pressure,  and  o  second  ap- 

/ 

pendix  contains  a  brief  critical  dircusr.lor-  of  the  mean -temperature  hypothe¬ 
sis,  the  laminar-film  hypothesis,  end  other  analytical  ideas  vhich  ore 
related  to  the  present  treatment  of  compressible  flov. 


1.  INTRODUCTION 


OUTUHE  AMD  PROSPECTUS 

Xn  this  paper  X  will  be  concerned  primarily  with  the  effect  of 
compressibility  on  turbulent  skin  friction  in  adl^butic  flow  at  constant 
pressure.  Xt  has  become  a  tradition  in  the  literature  of  this  problem 
to  pretent  the  final  result  of  both  analytical  and  experimental  work  in  the 
manner  of  Fit;.  1,  where  the  ratio  of  compressible  to  incompressible  friction 
coefficient  is  plotted  eG^inot  Mach  number*  The  present  study,  however, 
will  follow  perhaps  inadvertently  another  and  stronger  tradition.  This  is 
that  research  in  turbulence  is  most  respectable  when  it  is  aimed  at  the 
reduction  of  a  given  set  of  satirical  data  to  a  straight  line— and  hence  to 
one  or  two  empirical  constants— in  suitably  chosen  coordinates.  That  the 
problem  at  hand  can  be  treated  in  this  way  is  illustrated  schematically  by 
the  evolution  of  Fi„.  1  into  Fig.  2  and  then  into  Fig.  !>•  Xn  fact,  a 
description  of  the  coordinate  changes  involved  in  going  from  one  figure  to 
the  next  vill  serve  both  as  an  outline  and  as  a  sunnory  of  the  analysis  to 
be  given  in  this  paper. 

-he  real  starting  point  of  tne  analysis  is  not  so  ouch  Fig.  1  as  a 
problem  which  arises  in  the  preparation  of  this  figure  fro.:  empirical  data. 
This  problem  is  to  specify  some  condition  connecting  the  local  friction  co¬ 
efficients  Cf  and  Most  authors  nave  agreed  that  these  coefficients 
should  be  evaluated  at  the  same  Reynolds  number,  without  agreeing  as  to  the 
particular  variables,  especially  the  lengtn,  vhlcn  should  make  up  this 
Reynolds  number.  If  any  exit  fror  this  difficulty  exists,  it  is  probably 
through  the  use  of  a  transformation  representing  a  genuine  kinematic  arid 
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ilyiisiiu.c  cotiftyponUc  .c  i  1-:avc  Vic  tvs  f?. X?:  -cetior.y  I- III,  therefore, 
.  :c  a  transfer.-  i.c.  if  core  rally  Jj  rived  from  first  principle*.  Among 
the  lis.-wdiote  00  i-equuncot;  of  t  .i.  trc.-.sfortiation  ie  t:.o  desired  condition, 
in  the  form  of  i.n  invar iant  which  I  coll  tlie  lav  of  corresponding  stations. 
L*.  essence,  thiu  luv  states  that  th«  product  cy^  if  the  suite  at  correspond- 
if  pc. intis  ir.  any  two  flows  related  by  t  ic  transformation,  provided  only 
chat  t:.e  friction  ir.  bolh  casco  is  iJevtouian  at  the  vull.  i»o  other  lmpor- 
cunt  restrictions  have  to  be  put  or.  the  fluid  properties  or  or  the  nature 
of  the  flows  in  question. 

Fig.  1  having  been  established  ox*  relatively  solid  ground,  the  crans- 
foruat  Ion  next  suggests  a  minor  iiodi  float  ion  ir.  tsse  abscissa  and  a  iiajor 
modification  in  tr.o  ordinate  of  t.o  fl.’uiv.- .  Pho  Change  Lr.  sbt»ci.bnu  is  o n*r 


*.*  4ch  hao  oec-  proposed  irv’ojo  .  tently  by  ."attii.,-,  et  al. 


as  a 


of  reconciling  their  nee3ure*ner.ts  ir.  air  and  helium;  it  is  from  to 

CD 

r% 

( y-1)  1^/2  (or  for  practical  purposes  fron  to  or  to  q^/p). 

.•hie  c  iarvre  not  only  removes  tr»e  effect  cf  vnria:  ions  In  y  for  fixed  Prandtl 
'  _ler,  but  uIjc  rl.os  wee  of  the  fact  that  toe  curve  of  7  /T  against 

OD  V 

(r-1)  I-*  “/C  ir«  the  only  analytical  curve  which  can  be  plotted  in  Fig.  1 
without  a  det oiled  fcnovlear*'  of  the  boundary -layer  flow.  Finally,  the 
change  In  ordinate  if  a  ; irnplc  normalization  of  Cj/5^,  with  respect  to  thin 
same  t..«nr,.-,d'''.di,.lc  parameter  r  /f  .  these  two  ciiarges  of  coordinate  taken 

co  V 

tOi. ether  lean  to  Fig*  ,  i*  v. ich  Via  ex.ipliusls  in  on  the  scatter  of  the  data 
da*  to  vnri  t:or s  in  Reynold.*  number  from  one  experiment  to  another. 

At  tM  u.u'f  the  inf  cm  cog  which  can  be  <i nnn  solely  from  the  trar.a  - 
fomaticr.  »c.;;  frxr  nwa-urtrn..;  t.:  of  -roas  properties  of  the  boundary  lnyer, 


such  us  the  local  surface  lrlct  tor ,  ore  *:::.avcteci.  Noro  in  format  lor  Is 

needed,  and  Z  assume  la  recticr.  IV  th.**t  t?:is  jjxi'oraatlon  cm:  bo  oer'.-vid 

froui  the  similarity  lav  tenov n  an  t!»e  lav  of  the  vail.  The  physical  i r;>r» 

pretut  ion  given  to  this  lav  is  that  the  sublayer  flow  in  a  turbulent  hour  d- 

ary  layer  is  characterize!  by  a  constant  Reynolds  number,  An  argument 

bused  on  the  transformation  and  on  the  data  of  Pie*  2  then  surest s  that 

this  Reynolds  nurber  uig.it  bo  unaffected  by  compressibility  if  the  density 

and  viscosity  ore  evaluated  at  a  certain  uear.  temperature  defined  by  the 

transformation.  Giver,  this  assumption,  which  X  call  the  substructure  hypo* 

thesis,  it  1c  found  that  t  e  ordinate  in  Pig.  2  does  not  depend  explicitly 

on  conditions  in  tne  fro#  stream,  J>ut  only  on  conditions  at  or  very  near 

the  vail.  Ir.  order  for  the  abscissa  to  have  the  sane  property,  it  suffices 

o  2 

to  change  the  independent  variable  from  (y-1)  M^/2  to  (y  1>  iij  Cf/2  (or 
for  practical  purposes  from  /p  to  t ^p) .  The  final  result,  as  shown  in 
Fig.  3 1  Is  that  the  dependence  of  the  experimental  data  in  He.  2  on 
Reynolds  number  is  very  nearly  accounted  for. 

For  the  ztL'.o  of  t  -oVity  the  material  of  this  susnory  hoc  beer  highly 
abridged,  and  several  *<v-ential  arguments  have  beer  oversimplified  or  omitted 
altogether.  For  c::v.ple,  X  have  implied  that  the  experimental  data  ir.  Pig. 

2  define  a  straight  2 ire.  vtrictly  /.peaking,  this  etatcne.it  is  correct  only 
if  the  fluid  is  a  perfect  res ,  if  the  viscosity  is  proportional  to  tempera- 
l ’ire,  and  if  the  stagnation  tomperat  ire  of  the  flow  is  constant.  The  ar.uly- 

<.ii  i:.  the  text,  oovever,  it  nut  always  limited  to  this  special  ca3e,  or 

* 

eve: i  to  the  cut of  flow  at  Conner t  pre.;  •••ire.  On  the  contrary,  the  ov/.tral 
clo:fcnt  the  unulysik.  »:t  every  point  is  a  transformation  v  lc;»  ij  ro- 
.•ir;  jjly  :'rut*  cf  restrictive  condlt'oi.  >.  liony  of  the  relationship.-  of 
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this  paper,  therefore,  may  eventually  be  applicable  to  problems  which  have 
been  lees  thoroughly  studied  experimentally  t  '.un  t!ie  classical  problea  of 
adiabatic  flow  at  constant  pressure  post  a  snoot!*  solid  surface* 


gPATEMgifP  or  Mg  PWOiffjgw 

M y  first  objective  in  this  pper  will  be  *to  find  conditione  under 
which  the  boundury-loyer  equations  for  compressible  flow  can  be  reduced  to 
incompressible  fora  by  a  suitable  transformation,  ty  second  objective  will 
be  to  apply  the  transformation  in  question  to  the  turbulent  boundary  layer* 
Neither  problem  is  new,  and  almost  all  of  the  results  to  be  derived  for 
laminar  flow  have  been  obtained  previously  by  Stewartaon  (1949)  and  others. 
More  recently,  several  writers  have  attempted  to  extend  the  ooneept  of  a 
transformation  to  turbulent  flow  as  well*  However,  little  attention  has  eo 
far  been  paid  to  several  important  issues  raised  by  the  latter  application* 
Among  these  issues  are  the  question  of  the  complete  identification  of 
corresponding  points  and  the  question  of  the  use  of  dimensionless  similarity 
lavs  to  describe  the  profiles  of  mean  temperature  end  mean  velocity*  In 
order  to  avoid  compromising  thess  and  other  Issues  in  advance,  X  propose  to 
develop  the  transformation  from  first  principles  by  means  of  arguments 
which  are  as  rigorous  and  aa  general  ai  X  can  make  that* 

The  first  problem  atnted  in  brief  is  this*  The  boundary-layer 
equations  of  mean  motion  for  a  compressible  fluid  of  variable  density 
p(x,y)  are  gtyen  in  the  fora 

♦  &  - 0 


(1.2) 
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It  is  dasired  to  find  fomO.  transformation  ftrom  (x,  y,  u,  v,  p,  p,  t  )  to 
(xf  y#  u#  v,  p,  p,  7)  sued  that  the  original  equations  (l.l)-(1.2)  ere 
reduced  to  the  fora 

iS  ♦  S  •  0  (l.J) 

dx  dy 

+  (1.4) 

dx  dy  dx  dy 

with  the  parameter  p  independent  of  position  in  the  b  arred  flow* 

* 

The  validity  of  these  equations  will  not  be  examined  here.  They 
evidently  incorporate  the  usual  boundary-layer  approximation,  in  that  the 
stresses  in  the  fluid  have  been  taken  to  be  adequately  represented  by  the 
static  pressure  p  (or  p)  and  by  a  single  additional  scalar  component  t 
(or  f).  However,  the  relationship  of  the  latter  quantity  to  the  other 
variables  of  the  problem  has  deliberately  been  left  unspecified.  Further¬ 
more,  no  state  or  energy  equation  has  been  included  for  the  compressible 
flow.  This  formulation  of  the  problem,  while  Incomplete,  has  the  advantage 
of  being  relatively  free  of  assumptions  which  are  either  controversial  or 
unduly  restrictive.  The  present  partial  formulation  of  the  problem  also 
recognizes  the  fuct  that  the  transforsbtions  for  laminar  and  turbulent 
flow  can  be  expected  to  have  certain  properties  in  cocoon.  These  properties, 
to  the  extent  that  they  can  be  Inferred  from  the  basic  equations  (l.l)-(l.k) 

i 

without  Invoking  thfe  concepts  of  turbulent  shearing  stress  and  turbulent  heat 
transfer,  are  therefore  likely  to  hrve  a  relatively  permanent  significance. 

» 

There  is  always  the  possibility  that  the  usual  boundary-layer  approxi¬ 
mation  for  the  stress  tensor  may  fail  under  certain  conditions.  In  addition, 
there  is  room  for  argument  about  the  lcportance  in  high-speed  turbulent  flows 
of  various  correlation  teres  (involving  fluctuations  in  density,  temperature, 
or  viscosity)  which  ere  neglected  here  in  order  to  treat  the  mean  value  of  a 
product  suen  as  pu  or  pT  (but  not  necessarily  pv)  as  a  product  of  mean 
values. 
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j  PHYSICAL  CONSIDERATIONS 

In  what  follows  I  will  make  frequent  use  of  a  physical  principle  whoso 
importance  does  not  seam  to  have  been  fully  recognized  in  previous  work  on 
the  transformation.  A  brief  discussion  will  show  both  the  need  for  such  a 
principle  and  the  my  in  Which  it  is  to  be  applied. 

Suppose  that  a  general  transform? tion  between  Eqs.  (l.l)-(l.2)  Lind 

J 

(l.J)-(l.U)  has  been  established.  Suppose  further  that  the  original 
compressible  flow  is  characterized  in  some  region  by  essentially  constant 
density.  This  might  be  the  case  near  the  stagnation  point  of  a  blunt  body, 
in  the  upstream  psrt  of  a  nozzle  flow,  or  far  downstream  in  a  submerged  Jet. 
In  such  a  region  the  compressible  equations  can  be  reduced  directly  (l.e., 
without  reference  to  the  transformation)  to  incompressible  form  by  the 

usual  limiting  process  of  retaining  only  the  leading  terms  in  expansions 

2 

of  appropriate  dimensionless  variables  in  powers  of  N  .  The  resulting 
equations  will  be  identical  in  form  with  (l.3)-(l.4),  provided  that  the 
density  in  the  latter  is  evaluated  at  the  appropriate  stagnation  condition 
in  the  original  flow.  A  question  then  arises:  under  these  conditions,  is 
it  necessary  for  the  transformation  Itself  to  reduce  to  the  identity 
transformation? 

In  most  of  the  previous  work  on  the  problem  it  has  been  tacitly  assumed, 
e.g.  by  taking  the  reservoir  conditions  for  the  two  flows  to  be  tae  same, 
that  the  answer  to  this  question  is  yes.  However,  it  then  becomes  necessary 
to  suppose  that  the  same  fluid  can  behave  entirely  differently  in  the  two 
flows — like  a  perfect  gee  (say)  in  one  cnee,  but  like  an  incompressible 
liquid  In  the  other.  Whatever  else  may  be  said  about  this  situation,  it  is 
unlikely  that  both  flown  can  be  observed  experimentally.  At  the  seine  time,  it 
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is  certain  that  an  experimental  description  of  both  flows  will  be  an 
essential  part  of*  any  useful  comparison  in  the  case  of  turbulent  flow. 

The  way  out  of  this  dileana  is  to  avoid  the  presumption  that  the  trans¬ 
formation  should  reduce  to  the  identity  transformation  in  a  region  where 
both  flows  are  incompressible— -or  anywhere  else,  for  that  matter.  On  the 
contrary#  it  is  more  reasonable  to  suppose  that  the  transformation  should 
reduce  Instead  to  an  affine  transformation  of  the  kind  coenonly  used  to 
investigate  the  question  of  similarity.  This  being  so,  it  must  be  possible 
to  choose  the  density  p  and  the  viscosity  p  for  the  barred  flow  quite  arbi¬ 
trarily.  To  this  end  I  will  adopt  as  fundamental  the  proposition  that  the 
two  flows  represented  by  Eqs.  (l.l)— (1.2)  and  by  (l.}-(l.U)  must  be  treated 
in  every  respect  as  real  physical  flows,  capable  of  being  observed  experi¬ 
mentally.  Zt  is  a  natural  inference  that  corresponding  variables  should 
have  the  same  physical  dimensions  and  that  the  external  and  boundary 
conditions  should  be  at  least  qualitatively  the  same  in  both  problems. 

This  principle  will  have  several  useful  consequences,  of  which  the  first 
will  be  to  allow  the  introduction  of  the  parameter  p  on  purely  dimensional 
grounds. 

Finally,  the  point  has  sometimes  been  raised  in  private  discussions 
that  an  application  of  the  transformation  to  turbulent  flow  may  Involve 
unwarranted  assumptions  about  the  effect  of  compressibility  on  the  mechanism 
of  turbulence.  That  this  need  not  be  the  case  can  be  seen  from  an  argvsaent 
based  in  part  on  the  physical  principle  Just  presented,  but  also  in  part  on 
the  fact  that  only  one  component  of  the  stress  tensor  besides  the  pressure 
is  present  in  the  equations  of  motion  considered  here. 

In  any  boundary-layer  flow  described  by  either  of  the  momentum  equations 


{'.  )  it  (_.i)#  v  *•  eerier  tionv  n-u  t/.  -  pressure  forces  are  veil  defined 
q  s  i  tie;  v;  :  cn  can  be  evaiuuteu  oxperLmen tally.  The  unbalance  between 
*  ..-re  -v.*:*1?  tu.v  simply  be  taker  to  define  or  npytrer.t  sr.e*ri;jti  stress, 

“.nd  iiu.u»ric'  l  value?  for  the  letter  any  tne)  be  ini  erred  from  me*  surcaeuts 
cf  v.?locit>  a  d  pressure.  It  if  cle  .rxv  irrelevant,  /or  example,  that  this 
.po  ..rent  str»:  s  jaay  nv/e  -  turbtueat  part  which  c«c  fr  independently  define! 
ir.  teri&u  of  certai;.  velocity  fluctuations  capable  of  rein;;  owaourea  directly, 
f ox  if  u  trar.Ffor.’  tion  c;m  be  found  to  transform  the  acceleration 
pressure  terse  ir;  t.  o  equations,  *ind  if  tni?  trun c f orrv- t  ion  is  required,  to 
be  physically  realistic,  then  it  must  lollov  without  reference  to  any 
special  definition  cf  the  eheirir.,;  stresses  tnat  these  stresses  cau  also  be 
transformed  by  the-  transform:. tloa.  This  argument  nay  seem  to  be  acadeuuc, 
out  1  belie -e  tnat  it  ie  the  only  one  which  can  be  relied  on  to  provide  an 
*ucpilcit  transformation  for  ti.e  undefined  shcriring-stress  terms  in  Eqs.  (l.l)- 
(l.’O,  and  it  will  be  used  for  this  purpose  in  the  next  section. 


< 
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II.  V;g  lOHMAL  TRANSFORMATION 

the  continuity  iquatio?: 

I  Via  begin  the  development  of  the  transformation  by  considering  two 
stream  functions  Y  and  y,  each  of  which  will  be  Interpreted  physically  ; 
an  Integral  of  nets  rate  rather  than  volume  rate  of  fl~w.  The  tve  continuity 
equations  (1.1)  and  (1.3)  will  be  oatlsfifd  by  Introducing  these  ;  tre% 
functions  In  too  usual  way, 


pu 


pu 


dir 

pv  ■ 

dt 

*  ' 

“  Tx 

«F 

-  2 

dy  * 

pv  = 

ox 

(t.P) 


where  the  physical  principle  Jtuit  discuosed  requires  an  unspecified  cun*  tom 
density  p  to  be  Included  in  the  second  pair  cf  equation.',  in  order  to 
provide  the  aa^e  physic:;!  dine ns ions  for  T  as  for  V. 

The  two  stream  functions  are  evidently  constant  on  tstro’ctiline;-,  ox'  *J>-.  ir 
re  c  pec  live  flows.  In  previous  work  ou  the  trans  format  Ion  It  has  usually  u.en 
usouned  that  these  function?  are  the  :  one  at  corresponding  points  and  hence 
that  ctrecnllnes  in  one  flow  arv  cransfonaed  into  strcanJlinee  In  the  other. 

« 

For  reasons  which  will  be  cone  apparent  (see  the  remarks  felt  owing  Eq.  3.17), 

I  do  not  went  to  raaxe  this  assumption.  Instead,  I  will  leave  open  the 
relntlonjihlp  between  ♦  and  ^  oy  writing 

T(x,y)  -  d(x,y)  r(x,y)  (2.3) 


where  ?  is  a  completely  un&pecilied  nine t ion  of  x  and  y 


riui  :i'  jC:>a 


ihe 

■*jr;:kal  rule  tor 

")  *.c 

COrctl ;U^  1  X 

the  result  c-xproeoed  in 
It  is  round  thu'. 


j:c  truns*  a*- *»i«;n  ol  a 
)  i.vv  row  dc  .'.plV-fi  V 

of  velo.-itieu  with 
at  corresponding  points 


ueriir.t  iv. 
*hc  s:.r*v. 
the  aia  or 
in  ti.  s  t.*o 


’rev  -•oor^lrt.v 
:ar.  - tior<  }  \nd 
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further  differentiation  and.  substitution  in  the  transport  terms  on  the  left 
hand  side  of  Eq.  (1.4?)  yields,  after  some  extremely  tedious  algebra,  nn 
identity  which  is  eiven  in  full  for  the  record: 


O’ 


whore  denotcr.  t?.e  J'.coblnn  d (A,B)/d(x#y)»  Xr:  vector  not' tier, 

k  J(/.,B)  «  grad  A  X  grad  B,  wit.*,  k  tr.e  unit  vector  normal  to  the  xv 

plane.  Hence  J(A,B)  vanishes  if  A  or  b  is  a  constant  or  more  generally  if 
A  is  a  function  of  B  alone. 

The  torus  on  the  right-hand  side  of  Eq.  (2.6)  htve  been  arranged  ir. 
descending  order  with  respect  to  derivatives  of  V.  At  least  the  first  ter.: 
aunt  appear  in  the  transforn.'d  nosientum  equation  (1.4).  Tne  other  ter*uc 
are  for  the  zoost  part  expendable,  and  the  next  step  is  to  reduce  Wq.  (  . C ) 
to  manageable  proportions  by  suitably  restricting  the  dependence  of  the 
functions  cr,  x,  and  v  on  x  and  y. 

For  this  purpose  it  io  instructive  to  look  at  the  behavior  of  the 
various  terms  in  (2.6)  outside  a  shear  layer  in  the  barred  coordinate?. 
Suppose  first  that  there  is  \  pressure  gradient  in  the  orginal  flow,  so 
that  the  :.d  side  of  (2.6)  ic  non-zero  but  bounded  for  large  viluw.; 

of  y.  If  the  regions  outside  the  two  shear  flows  are  to  correspond  both 
physically'’  and  formally,  there  should  also  be  a  pressure  gradient  In  the 
t  rred  flow,  e  nd  the  right-hand  side  of  (2.6)  should  be  non-zero  but  bounded 
for  l~rge  values  of  y.  Kow  as  fnr  as  the  factors  I,  u,  du/fcy,  etc.,  \r •• 
concerned,  it  appears  that  the  term  la  y  du/dy  will  ordinarily  vanish  tor 
large  values  of  y  and  that  the  terms  ic  lu/Dt  and  u  will  become  t  most 
functions  of  x  culy,  wnile  the  r^a  ining  terms  will  behave  either  like  y 
or  like  y  .  The  simplest  condition  which  will  assure  the  proper  b?~.vior 

of  the  right-hand  side  eff  (2.c)  is  the  requirement  that  each  of  the  terns 

-  -2 

behaving  like  y  or  like  y  should  vanish  identically.  This  condition  in 

* 

turn  is  easily  shown  to  be  equivalent  to  requiring  each  of  the  qu  n titles 

- 1 - 

/n  identical  result  is  obtained  if  the  flow  at  infinity  is  assumed  to 
bj  ..  uniform  stream,  but  the  condition  on  y  seems  to  be  unnecessary  if  the 


( 
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o,  x.  and  by/nbj  to  be  Independent  of  y. 


T1D2  MN&ilUK 

EQUATION 

At  this  point  the  transformation,  except  possibly  for  the  Jot, 

represented  In  the  t'om 

con  be 

X 

> 

•  o  (x) 

(2.7) 

dx 

3x 

-  t(x) 

(2.9) 

IS 

a  m/ 

-  n  M 

(2.y) 

where  5  and  t) ,  like  <r,  arc  dimensionless  functions  of  x  yet  to  be  determined. 
Itote  that  n,  second  constant  reference  density  is  needed  In  (2.1>)  to  give 
the  proper  physic  1  dimension  to  the  transformed  vs.rinl.lt:  y,  but  thet  tnis 
parameter  can  be  identified  with  p  in  Eq.  (2.2)  .nd  at:.,  difference  absorbed 
in  »!(x). 

The  dependent  variables  u  and  v  as  derived  from  Fqs.  (2. a)  a:.d  (2.5) 
tire  now 

u  -  ~  u  (2.10) 


flow  is  bounded  (t  infinity  by  fluid  at  r«6t.  A  closer  examination  of  t..is 
case,  i.e.,  of  the  Jet  entering  ■  stagnant  fluid,  will  not  be  utiotrbucen 
here.  Even  for  the  other  cases  mentioned  the  transformation  in  question  may 
not  be  the  most  general  or  the  most  useful  one  which  can  be  found,  firstly 
because  the  sufficient  conditions  used  to  bound  the  right^iand  side  of  Bq. 
(2.6)  for  large  y  have  not  been  shown  to  be  necessary,  and  secondly  because 
these  conditions  have  been  applied  not  only  for  large  y  but  throughout  the 
barred  flow.  Furthermore,  it  is  not  obvious  that  the  two  flows  involved  in 
the  transformation  must  always  have  the  sane  character;  i.e.,  that  if  one 
flow  is  a  wake,  so  is  the  other;  if  one  flow  is  a  boundary  layer  witii 
pressure  gradient  and  maso  transfer,  so  is  the  other,  and  so  on.  On  the 
other  hand,  the  transformation  considered  here  is  more  general  than  any 
which  has  been  considered  previously,  and  ha6  several  properties  which  will 
prove  to  be  useful  La  any  study  of  turbulent  flow.  The  possibility  of  a 
■ore  general  transformation  will  therefore  not  be  Investigated  further. 


Wi.  - 
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(-*.n) 


md  Eq.  (2.6)  ciui  be  written 
P 


du  —  !  —  o  u 

u8x*vJy  •  »iuH 


•  2 

-  o  m»p  tn 

vm*r 


l 

<’•*> 

-  -g  ♦  fe 

Of  the  turee  terno  in  (2.12)  generated  by  the  transformation  of  the 
transport  terms  in  the  original  momentum  equation  (1.2)  subject  to  the 
conditions  (2.7)-(2.>),  the  first  provides  the  transport  terns  in  the 

2 

transformed  momentum  equation  (1.4).  The  other  two  terms,  those  in  pu 
and  V  du/d y,  will  therefore  have  to  be  suitably  combined  with  the  terms 
dp/d x  and  dt^y. 

Consider  now  companion  equation  to  (2.12),  obtained  from  the  latter 
by  solving  for  the  transport  terms  In  barred  coordinates  and  using  (1.4) j 

,o' 


—  -  <U  -  Ju 

P  U  ♦  V 

<jx  <jy 


p  oc  I  dp  dT  pu*  dn/g  ♦  du  do 

p  |  ^  •  “  3x  5y  "  Ve  ’  dx  “  o  dy  Tx 


*  •  «  *  y 


(2.13) 

:e  necon i  lality  in  iv.  (2...  )  1  a  relationship  involvixH;  primarily 


pressures  and  shearing  stresses.  The  right-hand  side  of  this  equality 
consists  of  two  terms,  dp/dx  and  d"i/dy •  According  to  the  physical  princi¬ 
ple  underlying  the  present  transformation,  the  first  of  these  terms  must 
defend  only  on  x  (or  x  ),  tu.d  tne  second  mu6t  vanish  for  large  y  (or  y  ). 
It  is  therefor  >  noc<;ua'iry  to  write  the  left^aiind  side  in  the  some  fashion, 
nd  it  follows  Immediately  th«t  the  transform  ?d  quantities  p  fad  ”  iv.v* 
to  bo  -^fii:  bv 


-  2 
p  a 

e,c 


i  dp  'l®  a  V  c  j 
(1-cW  Tfo  “3x  , 


1  JO 


(2.14) 


(2.15) 


i 

o 


du  do 
8y  Sc 


respectively. 

The  slightly  awkward  fprra  o*  the  lust  two  relationships  In  Justified  by 
their  generality.  Neither  an  equation  or  state  nor  nn  energy  equation  for 
the  <*0!t$resalble  flow  has  yet  been  cited.  FXirthermore,  It  hnn  not  been  neces¬ 
sary  t.o  do  fine  the  shearing  stresses  t  and  r  e:qplieitly,  and  no  conditions 
have  been  Imposed  which  require  the  presonee  of  a  solid  boundary.  Tlie  fact 
that  the  form  of  the  transforation  e'\n  be  established  under  -.ueh  general 
condition;;  la  due  largely  to  the  emphasis  which  is  put  here  on  purled  con- 
'  cternt  i  or  ?i .  Ir.  particular,  the  t-r  i'll  vent  raiding  to  .ijs.  (2.12)  -  (2.15) 
o .n  be  recopii;*e^  as  a  repetition  of  -he  erguneot  outlined  at  the  mid  of 
•  cMrr»  T  In  c  '<~'lon  with  the  lrru3evur.ee  of*  the  ..beari.n,;,-ctrc.;:.  \erhan; >m. 

owover,  the  transformation  is  not  in  a  U3efld  form  a-:  thi3  juncture, 

»  i*.:ch  vs  nothing  is  known  about  the  properties  o*  the  three  scalln;; 
.‘uict'-orr  'i(x),  l(  ”•) ,  aud  tj.'x)  which  appear  in  .  '2.'i  )  -  (2.y).  In  the 
•  eorl  . i O'l  ;  11  ;:ijow  that  pone  information  about  these  functions  can  be 

o.' :.0w  a;  a  quite  reasonable  cost  measured  in  terms  of  generality.  Firjt, 
..jft'cvt-",  ..  ’/a;  t  to  a*- jo  nut  rate  or.e  iraportant  and  useful  property  of  t.be 
tn' or  Vitim,  tor  the  special  case  of  r.  flow  bounded  by  a  otuooth  wall. 


f 


,  i «: 


G 


V-.llO 


far  there  ta.«  been  neither  d  nor  opportunity  to  irtrrdvce  \ 

'inco-i  tv  for  tV  burred  flow.  obviou?  and  natural  meant*  for  lrtro- 
<lur  ■  ’  bi:-  p>r*ueter  is  the  u*o  os  toe  condition  t  -•  ,i  ;u/>  y  for  '*ewtori!cxi 

ricf.Ci..,  provl.’UM  of  course  mat.  tluc  conditio-  is  appropriate. 
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or  n  free  turbulent  flow  such  as  a  Jet  or  vcJtt,  or  in  the  cam  of  a  boundary 

Iwyer  or  a  rou^h  wall,  the  condition  la  evidently  not  appropriate.  The 
•  * 

viscosity  Is  In  a  certain  sense  an  artificial  parameter,  and  the  Reynolds 
lumber  plays  at  moat  o  secondary  role  in  tbs  description  of  tbs  assn  notion, 
/her  those  cases  are  excluded  there  remains  tbs  ease  of  a  boundary  layer  on 
a  smooth  wall,  and  bars  the  viscosity  clearly  plays  s  priaary  role. 

Consider  such  a  flow,  with  the  wall  taken  for  convenience  to  be  at 
y  ■  y  ■  o.  Whether  the  flow  Is  laminar  or  turbulent,  and  whether  or  not 
there  is  mass  transfer  through  the  surface,  the  conditions  7  ■  jT(du^y) 
and  ■  (u&u/fcy)w  can  be  expected  to  hold  at  the  wall.  The  transfoxmtions 
(2. if)  and  (2.10)  for  u  and  y  then  require  7^  and  tv  to  be  related  by 


T 

V 


JLi i  SL 

Vw  ? 


(2.16) 


Loc  1  friction  coefficients  Cf  nu  defined  In  the  usu  l  way,  are  then 

.•  ou:.  i  1 >  f  tdis/*y 
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-r-  f  c.. 
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(2.17) 


where  the  subscript  ao  refers  to  tne  extern  a  flow.  Upon  introducing 
momentum  tnickness 
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/  ri? 
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li- Ji  id". 
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(2.18) 
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rid  corr*ifipondln,j  tnickness  $  ,  it  ippears  tr.at 
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Fir:’  U.y,  R?yr.oldo  aunbers  b' :•  -a  on  9  and  $  rcuy  be  defined  la  tne  usual 


wav  nr.d  conneci.  *c  by 
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”  in  the  1*  st  equation  is  a  yam  to  be  interpreted  us  the  visconlty 
cf  tne  burred  fluid.  When  o  is  <jH.r-ii.ated  between  (2.17)  and  (h.20),  it  is 


peer,  taut 
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(2.21) 


ad  tnis  is  the  desired  result.  Trie  relationship  (2.21),  which  eeeias  to 
nave  been  overlooked  in  previous  work  on  the  transform?  tion,  will  be  culled 


the  lav  of  corresponding;  stations  for  the  boundary  layer  or.  a  smooth  wall. 


A  special  case  of  tills  lav  is  well  known  in  the  theory  of  similar  solutions 
for  tne  laminar  boundary  layer.  However,  I  want  to  eapnasise  that  Eq.  (2.21) 
has  been  derived  here  by  considering  tine  structure  of  the  Incomplete 


equations  of  motion  rather  than  the  behavior  of  certain  special  solutions 
of  these  equations.  Tnis  law  will  obviously  be  of  considerable  value  in 
any  use  of  experiment'd,  dut'  to  test  t.4e  validity  of  the  present  trans¬ 
form  tion  for  the  C-".e  of  turbule.it  flow. 


ui7 

JO 


III.  T1IE  TURKS  SCAIE10  FUNCTIONS  a,  &1D  n 


LAMIavAR  FLOW 


The  redlining  iUrp  in  cauplt  ting  the  transformation  is  the  specification 
of  the  throe  scaling  functions  a,  f,  and  vbi.cn  determine  the  tran£ fonation 
or  uic  stream  function  ani  tho  coordinates  x  and  y.  These  functions  will 
oc  studied  first  for  tho  laminar  clcc,  with  the  object  of  providing  at  least 
a  qualitative  model  for  the  later  discussion  of  turbulent  flow. 

If  the  flow  is  laminar  the  shearing  stresses  t  and  T  arc  no  longer 
unspecified,  being  given  by  ucu/dy  and  by  pOu/dy  throughout  tho  two  flown 
related  by  the  transformation.  It  follows  that  Eq.  (2.16)  is  valid  without 
the  subscript  v. 


f 


(3.1) 


and  therefore  that 


JT 


pfo  dx  x  dp  u 
^3  {  dy  "  pu  “Sy 


(3.2) 


This  Indirect  transformation  (3.2)  for  bir/dy,  which  is  a  consequence  of 
the  separate  transformations  for  u  and  y,  must  be  consistent  with  the  direct 
and  mere  general  transformation  (2.15),  which  does  not  assume  Newtonian 
friction.  The  simplest  way  tc  assure  consistency,  although  perhaps  not 
the  only  one,  is  tc  require  the  two  expressions  for  err/dy  to  be  identical. 
This  will  cert  inly  be  tne  c-.se  if 
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(3-5) 


lr.  uhlcii  C“c  It  also  follows  that 


h  ■  J» 

P;i 


^w^w  paoM< 


(3.6) 


The  condition  (3«^)  will  evidently  be  satisfied  for  u  perfect  pas 
hiving  the  usual  equation  of  stnte 


(3.7) 


with  R  m  Cp  -  cy  •  constant,  If  in  addltdo..  the  viscosity  Is  proportional 
to  the  temperature.  The  condition  (3*5)  will  be  automatically  satisfied  if 
tr.exe  13  no  pressure  gradient  in  either  flow,  since  Eqc.  ( i*. lU )  and/or 
(2.10)  the::  require  the  ratio  ^/o  to  be  independent  of  x.  More  gcner'lly, 
novevur,  condition  (3.5)  can  be  rewritten  after  a  separation  of  va'i-tics 


2  dn/o 


I  -  i- 

P  ~  P„ 


uao  u2 


•  c(x) 


(3.3) 


"T 


(cay).  If  the  caaprecsiule  fluid  is  a  perfect  jus,  the  second  equality 
lsnediately  suggests  that  c(x)  should  be  taker  as  R/c  p.  Eq.  (3*8)  then 
yields  the  two  conditions 


u  2 

-2^  ■*.  c  T  ■  c  T  •^■•♦cT-cT  -  constant 
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where  7  in  the  second  equation  denotes  a  constant  of  integration  with  the 

dimensions  of  tempera ture.  Both  of  the  last  two  expressions  make  indirect 

use  of  the  condition  ■  constant  for  an  i sen tropic  external  flow,  with 

y  m  c  /c  -  constant, 
p'  v 

As  might  be  expected,  these  results  for  laminar  flow  are  simply  a 

restatement  of  the  well-known  conditions  (perfect  gas,  d/T  constant,  p  or 

Tq  constant)  under  which  the  momentum  and  continuity  equations  can  be 

uncoupled  from  the  energy  equation  and  Integrated  separately  in  barred 
« 

coordinates.  The  problem  of  the  laminar  boundary  layer  was  first  approached 
from  this  direction  by  Dorodnitsyn  (l*h?  a,b).  In  Dorodnii-jyVs  formulut l . 
however,  the  omission  of  the  scaling  function  which  1  have  called  n(x)  led 
to  the-  appearance  of  a  factor  T/T^  multiplying  the  transformed  pressure- 
gradient  term,  so  that  the  reduction  tc  incompressible  form  was  achieved 
only  for  the  case  \  ■  consti-nt  or  dp/dx  ■  0.  Cope  and  H*rtree  (19^),  in 
the  course  of  some  researen  in  a  different  direction,  independently  proposed 
a  partial  transformation  in  the  iplrit  of  (2.9)  for  the  norm  1  coordinate  y. 
Hovartu  (19^),  again  independently^  '-.Iso  introduced  a  partial  transformation 
equivalent  to  (2.9),  but  with  t j(x)  proportional  to  l/  fflx)  rather  than  to 


* 

Tne  transform  tio.n  of  the  present  p  iper  has  been  designed  specific  llt\ 
for  turbulent  flow,  <\*id  strict  attention  h?s  been  paid  frort  the  beginning 
to  the  physical  principle  tn  .t  it  must  be  possible  to  observe  experimentally 
any  flow  whose  properties  are  supposed  to  be  known.  This  principle,  whlcn 
makes  it  essential  to  keep  ir.  close  toic.  with  the  physical  variables  and 
with  the  conserve  tion  1*  ws  connecting  them,  is  most  appropriate  for  problems 
which  cannot  be  treated  by  analytical  mea.is.  for  problems  which  can  be  so 
treated,  on  the  other  nand,  almost  any  transformation  or  change  of  varl  ble 
is  acceptable  if  it  leidc  to  equations  which  are  mathematically  more  tract¬ 
able  than  the  equations  of  motion  in  their  original  form.  The  principle 
Involved  in  such  cases  is  a  mathematics  principle,  nowever,  not  a  physic-1 
one,  and  may  be  us  muen  out  of  place  in  discussions  of  turbulence  as  is  the 
physical  principle  in  most  discussions  of  laminar  flow. 

An  example  of  tne  use  (ana  minus.-)  of  tr.e  alternative  mathematical 
principle  is  supplied  by  the  transformation  first  proposed  by  Stewcxrtson 


V 
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\  T.n  (x)  .  Ilowurth  also  fleeted  to  preserve  *u.e  strcawlse  velocity  cota- 
ie.:cut  u  rather  th -n  the  utre».a  faction  «  t  corretpo,>iii.g  a i.d 

ti.e  pressure-gradient  tern  again  emerged  In  quite  nvserd  fora  in  toe  final 
equation  for  the  transformed  stream  function.  Stevr  rtsoc  (19**9),  in  con¬ 
tinuing  Uowurth'u  work,  chose  to  preserve  the  stream  xXwction  innte'-d.  and 
tc*  u;»e  a  suitable  ecilin.j  function  r(x),  and  thus  arrived  ut  a  laminar 
tr'insforcuitloa  equivalent  to  tlie  transform;  tion  considered  here.  Minor 
differences  include  Stevr.rtson's  use  oi'  boundary— layer  variables  j  / J~v 
raid  v  /fv  (but  not  V  /v  v)»  -nd  **!>•  early  consolidation  of  the  various 
»c  lin^  functions.  Hie  general  conditions  under  which  the  compressible 
equations  of  notion  c  *.n  be  reduced  to  incompressible  fern,  were  also  ii.*— 
covered  simultaneously  b}  Illingworth  (19U9),  woi-kit.g  io  ven  Miccc 
coordinator  x,  |  rather  than  in  po/sicjl  coordinates  x,  ,/. 

^rgiuLr.;^  njy.i  at  co;;rr.Mrr  ynissun 

If  tne  flow  is  turbulent,  tl.e  ar.uuentn  leading  to  Bqs.  (3.3)  and 
(3*6)  nave  to  be  discarded  and  a  fresh  beginning  evide.  For  the  present  1 
will  consider  only  flow  at  constant  pressure,  for  w’.ica  tne  general 


(l  d*9)  nd  Liter  cited  for  turbul  ei:t  flow  b^  soxe  writers.  Ihe  transformation 
in  question  any  be  obtained  by  6 imply  dropping  tne  subscript  ao  in  Eqs.  (2.14) 
id  f:\15)  of  Section  II.  For  i  perfect  the  quantity  iv.  parenthesis  in 

Bq.  (2.lU)  can  then  be  written  ns  RTQdp/pdx,  where  T  is  the  local  stagnation 
temper  ture.  I;  this  formal,  tlon  the  principle  of  pnycic ”1  existence  for 
the  b-rred  flow  seems  to  require  T  •  constant  if  dp/dx  /  0  us  before, 
v/het:.rr  tho  flow  it  Icnlr  r  or  turoulent.  However,  thi.  requirement  is 
entirely  without  force  for  the  turbulent  case,  because  the  puyslc  d  princi¬ 
ple  is  teirv  tfplied  one  too  1  fe  in  the  ar june-t.  Even  for  la.mi.vr 

flow  the  requirement  in  question  is  largely  Irrelevant,  and  Stewart  son's 
transformation  r.as  been  used  (e.g.,  by  Cohen  tnd  Resnotko  1933#  Coles  1J37) 
to  obtain  pnysically  useful  similarity  solutions  for  laminar  flow  with  he  t 
tr  itrf  *r  and  pressure  gradient,  1..  spite  of  the  fact  tnat  the  tr uniformed 
equations  do  not  correspond  to  any  flow  which  can  be  observed  experimentally. 


P-2417 

2k 


tru.  slormatior.  (2.15)  for  b*/6y  c •  n  be  integrated  it  the  relatively  simple 


for:* 


QD 


/i  **  .  1  do  f  ,,  du  . 

T+  oE  J  v  Jy  ^ 

.» 


.At  tic  vrill  thio  expression  becomes 


*  t  T 
— t:  i 


1  do  /  2  .  v 

•  t  ♦  —  «r"  (0  u  $  + ,  u  ) 

4  VO  OX  00  W  00  ' 


v.. ;  'J.o  :;ot  tioi*  Makes  use  of  an  identity 


(3.11) 


(3.1£) 


/  -  -O®  “«•*  »«  U0»  (}-1}) 

w.xcn  c  n  be  obtained  from  the  definition  (2.1?)  for  6  by  putting  dv^y  for 
pu  j  c  integrating  by  parts.  These  relationships  are  independent  of  th; 
st  *1  na  energy  equations  and  the  viscosity  lav,  and  can  be  applied  to 
roujri  .a  veil  as  to  smooth  surfaces  as  long  as  fy  and  are  interpreted 
as  v  ingeutial  force  per  unit  area.  * 

For  the  particular  case  of  a  smooth  vail,  the  shearing  stresses  at 
v  ■  0  oust  also  be  connected  by  Eq.  (2.16), 


2 


pv^  n  — 
jul  -L  t  -  r 

J-  0  V  V 


(3.1k) 


Moreover,  if  there  is  no  mass  transfer  the  combination  *y  do/dx  in  (5*12) 
nay  be  taken  as  zero  (cf.  Eq.  2.11  evaluated  at  y  ■  0).  Eqs.  (3*12)  and 
(3.14),  together  with  the  maaentun^integral  equation  *y  »p#  u^  dO/dx, 


tnen  imply 


JL  £ ~  _  i  .  P®U®  *  do 


Oij 


t  o 
V 


3x 


£  do 
o 


(3.15) 


Tills  expression  provides  almost  the  last  point  of  contact  betveen  the 


analyses  for  laminar  and  for  turbulent  flov.  7or  the  laminar  case  the  two 
sides  of  Eq.  (3*15)  vanish  identically,  by  virtue  of  the  condition 
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dn/dx  a  C  ur  o  «  cofi&t  .at  which  was  origim-liy  imposed  by  r«.quirii«g 
Newtonian  friction  'vny  from  the  vail.  For  the  turbulent  case,  on  the  other 
hand,  the  experimental  evidence  to  be  cited  shortly  implies  that  <fe/dft  is 
not  zero,  so  that  Bq.  (3*15)  is  no  longer  a  trivial  identity  but  a  Genuine 
condition  connecting  the  three  sc  .ling  functions  with  e  ch  other  and  with 
the  ostensible  dat  i  of  the  problem.  Ibis  single  condition  for  turbulent 
flow,  moreover,  differs  from  the  corresponding  two  conditions  (3*3)  and 
(3*6)  for  laminar  flow  in  one  important  reap'.ct,  since  tq.  (3*13)  involves 
.  ot  only  quantities  like  u.f  and  u^  vnic.  axe  usually  :c:y-.rdei  -s  pure  of 
t)ie  given  into  for  ?  p  jrticulnr  problem,  Cut  "lsc  quantities  lik~  ''w(x)  and 
v>(x)  which  are  usually  t yarded  p-rt  of  the  eolation. 

Flr.-lly,  if  o  is  in  fact  function  of  x  for  a  turtuleat  boundary 
Ir.yer  at  const  •at  prxssu re.  It  fellows  iVcwi  *-u  or0tmej.t  iaverss  to  tne  one 
^ployed  for  laminar  flow  tnat  t  iocs  not  tr  ..iSX'orra  list  n^u/^y  except  it 
the  vr.il.  Consequently  there  seems  to  c  no  rsajon  in  u.r.  c  so  of  turbulent 
fio..  tc  require  tne  cor.pr  -•r.oioie  fiuiu  to  be-  a  perfect  g  ..i  or  to  require  the 
viscosity  to  be  proportion...  to  temperatu.  ftsithjr  is  taere  any  reason 
tc  suppo/t*  that  tuo  energy  equation  plays  any  signific  j;t  port  in  th  -  direct 
transformation,  at  least  when  the  pressure  gradient  is  zero. 


'.r:;  I'j.x-'iio..  c(::)  fo:*  .-m 

I  -vy./  wait  to  conri«a«-r  briefly  same  acporlucntal  —lve.'tig’tio .  Which 


na.':  vccutly  c*  a  *  .'arru  eut  out  L;  adiabatic  t’:r'.rale.:a  b;/.’nivr/  Layer'-  in 
auc  flow  at  constant  prosscro.  Too  *iiccussioa  vrilu  be  Liultcu  to 
arp'-rh  io.iv  wiiicfc  ineluao  ..\cq.»'Jc. inr.ts  of  local  c-urf ace  friction  ns  well  • 
xacar.  ov;...;  its  of  local  fGcan-vcloc.ty  distribution,  Taut  the  nusiocr  of  t  i  h 
ruep^n  *-!uts  is  by  this  tine  u-e*  lly  large  is  evident  froi  fig.  4,  in  v:u 
art:  colieeVv  all  ox'  tie  local  friction  data  so  far  oj^ir-.i  in  iir. 


a  ■  ^ 
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I:;  vh.it  follows  I  will  overlook  nay  Blight  discrepancies  betvewi  the 
dHt-i  of  various  observers  in  Fig.  4,  and  will  assume  that  there  is  a  unique 
relationship  among  the  three  parameters  C^,  R  ,  and  M^,  at  least  for  air 
at  typical  wind-tunnel  temperatures.  The  main  objective  of  this  paper  is 
to  determine  the  relationship  in  question.  The  1  Mediate  problem,  however, 
is  to  determine  empirically  the  value  of  the  combination  iT^»iw#  'diich  is 
expresssd  in  terms  of  readily  measured  quantities  by  Bq.  (2.17), 


P0D 


(3.16) 


The  local  friction  coefficients  C f  and  in  Eq.  (3*l6)  are  supposedly 
connected  by  the  lav  of  corresponding  stations. 


•  57V  cf  *•  (3,17> 

# 

and  the  coordinates  of  Fig.  4  have  been  chosen  accordingly.  In  order  to 
use  the  expression  (3.17)  to  determine  when  ,  C^,  R^,  and  the  fluid 
properties  are  known,  it  is  necessary  to  know  the  dependence  of  on 
(or  on  *t  V  in  incompressible  flow,  especially  at  the  lover  Reynolds 
numbers.  This  dependence  Is  also  shown  in  Fig.  4.  Although  the  curve 
drawn  to  represent  the  incompressible  data  can  be  described  analytically 
with  the  aid  of  certain  similarity  lava,  this  curve  should  be  viewed  for 
the  present  *e  a  strictly  empirical  result,  and  the  calculations  involving 
Eqo.  (3*16)  and  (3.17)  should  be  viewed  as  nothing  more  complicated  that  & 

comparison  of  one  set  of  experimental  data  with  another. 

e 

- V - 

Although  Fig.  4  is  equivalent  to  Fig.  1  of  the  introduction,  the 
earlier  figure  emphasises  the  dependence  of  skin  friction  on  Mach  number, 
whereas  Fig.  4  emphasises  the  dependence  on  Reynolds  number.  In  a  different 
sense  Fig.  5  ie  equivalent  to  Fig.  2,  since  the  coordinates  lu  one  figure 
are  essentially  reciprocals  of  the  coordinates  in  the  other,  in  this  case 
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- — *322^ 
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’/’nen  the  parameter  £/ouv  determined  with  the;  aid  of  Eq.  (3»1^)  ia 
plotted  (day)  against  the  temperature  ratio  m  shown  in  Fic.  !)»  it 

in  found  that  the  data  at  a  given  J'ach  number  show  a  veal;  but  definite  de¬ 
pendence  on  Reynolds  number,  quite  apart  from  unavoidable  experimental  scat¬ 
ter.  The  necessary  conclusion  is  t'.iat  the  caafeinatio n  u/ouv«  which  is  here 
equivalent  to  the  ratio  is  not  only  a  function  of  Mach  number  for 

those  experiments,  but  is  also  a  function  of  Reynolds  number.  Because  uv 
and  u  arc  constants  for  t!.ece  data,  it  follows  that  0  must  be  treated  ar>  a 
function  of  Reynolds  number  and  hence  of  x  for  the  flows  In  question. 


the  earlier  treatrert  of  the  data  represents  a  normalization  of  C  Jtf  with 
respect  to  temperature  ratio,  Pereas  Pig.  5  represents  un  inquiry  into 
tne  proportion  of  the  scaling  f  met  ion  q(x)  of  the  transformation. 

In  the  construction  of  Pigs,  h  and  5  the  ratio  Ty/T^  has  been  referred 
to  a  recovery  factor  of  O.S8t/  in  all  eases  where  no  experimental  value  is 
give;  in  the  original  referer.ee.  Values  of  viscosity  nave  been  taken  from 
reco-.t  TJBF-I.ACA  table;-.  The  usual  practice  has  been  followed  of  assuming 
co.-ste'.-’t  stagnation  temperature  T0  for  the  purpose  of  computing  u(y)  and 
p(y)  r.md  thus  9(x)  vhtr  only  y)  can  be  inferred  from  the  measurements. 

The  floating-element  cats  tove  been  corrected  for  gap  effect  by  u3ing  the 
co-.;  .rod  are:;  of  element  and  gap  rather  than  the  area  of  the  element  alone 
tc  niiatc  force  and  shearing  stress.  Finally,  the  values  of  C*  for  lov-  * 
speed  flow  1  n.ve  beer,  estimated  by  fitting  measured  mean -velocity  profiles 
to  the  la-/  of  the  vail,  using  methods  vnich  are  discussed  at  scute  length 
ir.  Appendix  A. 
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iv.  ca  ::onoi.  of  a  substructure 

RECAPITULATION 

Up  to  this  point  the  search  for  a  transformation  capable  of  reducing 
the  compressible  turbulent  boundary -layer  equations  to  Incompressible  form 
hau  beer,  carried  out  in  three  steps.  The  physical  basis  of  the  transforma¬ 
tion  we 3  laid  down  in  Section  I;  the  transformation  itself  we3  formally  con¬ 
structed  in  Section  II;  and  a  preliminary  study  was  made  in  Section  XII  of 
the  three  scaling  functions  whose  properties  oust  be  known  before  the  trans¬ 
formation  can  be  applied  to  a  given  problem. 

Por  turbulent  flow,  even  for  the  special  case  of  turbulent  flow  at 
constant  pressure,  only  two  Independent  relationships  have  so  for  been  founc 
for  the  three  scaling  functions  <r ,  (,  and  q.  One  of  these  relationships, 

2  «  constant  -  —  (say)  (4.1) 

*  oo 

follows  from  the  condition  of  constant  pressure;  the  other, 

\  ■  it  *5  <*•*> 

'  PI* 

• 

then  follows  from  the  additional  condition  of  Newtonian  friction  at  the 
wall.  Por  flow  in  a  wake,-  the  condition  which  replaces  (4.2)  is  evidently 
q  •  constant  *  pP/p^i  (any),  in  view  of  Eq.  (2.19).  None  of  these  condi¬ 
tions  implies  any  restriction  on  the  stats  or  energy  equations  or  on  the 
viscosity  lav. 

Before  the  transformation  can  be  applied  to  turbulent  flow,  it  will 
be  necessary  to  find  a  third  condition  corresponding  to  (4.1)  and  (4.2). 

The  form  of  this  third  condition  oan  be  expected  to  vary  with  the  circumstances 


P-2417 

29 


of  the  problem.  Tor  example,  the  condition  a  •  constant,  vhlch  has  already 

been  shown  to  be  generally  valid  for  laminar  flow  or  for  a  turbulent  wake, 

/ 

oust  be  rejected  on  experimental  grounds  If  the  flow  Is  an  adiabatic 
turbulent  boundary  layer  at  eonsttcit  pressure.  For  the  latter  oase,  accord- 

4 

ing  to  Fig.  5,  the  quantity  on depends  both  on  Mach  number  and  on 
Reynolds  number.  The  analytical  nature  of  this  dependence  Is  so  far  unknown, 
and  will  presumably  have  to  be  established  with  the  aid  of  some  physical 
argument  beyond  those  already  cited.  Whatever  the  nature  of  this  argument. 

It  should  be  clear  that  the  problem  that  now  baa  to  be  solved  Is  a  different 
problem  from  the  one  originally  formulated  In  Section  Z.  The  Issue  Is  no 
longer  the  transformation  of  the  equations  of  mean  motion  to  lnccopre3Glblo 
form.  Instead,  the  Issue  la  nov  the  search  for  a  hypothesis  vhlch  will  allov 
this  transformation  to  be  applied  tc  the  turbulent  boundary  layer.  There  are 
a  great  variety  of  physical  considerations  vhlch  might  be  taken  as  character¬ 
istic  of  turbulent  boundary-layer  flow,  and  thus  a  great  variety  of  arguments 
which  might  serve  to  complete  the  transformation*  by  determining  the  scaling 
function  <r(x).  Zt  goes  without  saying  that  different  writers  rosy  prefer 
different  argunente  for  thla  purpose,  and  therefore  that  the  particular 
argument  which  follows  can  and  should  be  judged  by  lees  critical  standards 
than  those  used  to  judge  the  material  of  Sections  Z-ZZZ. 


Zt  Is  important  to  note  that  the  end  to  be  served  Is  the  completion 
of  the  transfonsatlon,  not  the  completion  of  the  equations  of  motion  through 
the  Introduction  of  sn  explicit  relationship  connecting  the  shearing  stresses 
t  and  t  with  the  ovher  dependent  or  independent  variables  as  in  the  oase  of 
laminar  flow.  On  the  contrary,  the  use  of  any  such  relationship  Is  quite 
likely  to  prejudice  the  concepts  of  turbulent  shearing  stress  and  turbulent 
bent  transfer  In  much  the  sane  way  that  these  concepts  are  prejudiced  by  the 
mixing  analogies  of  the  older  literature. 
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THI  LAW  OF  TH»  WALL 

Tii e  physical  considerations  which  Z  propose  to  take  as  characteristic 
of  turbulent  flow  near  a  smooth  wall  are  contained  In  an  eaplrlcal  similarity 
relationship  known  as  the  lav  of  the  wall*  Tor  incanpresslble  flow  this  lav 
has  the  £pm 


P  t\\/p 

t  ( — )  -  *U> 


(4.3) 


When  translated  Into  compressible  variables  vlth  the  aid  of  the  transforma¬ 
tion  formulas  for  u  and  y,  this  statement  becomes 


If  the  flow  is  incompressible,  two  alternative  physical  Interpretations 
are  available  for  the  lav  of  the  wall,  Eq.  (4*3).  One  is  that  the  edge  of 
the  viscous  sublayer,  defined  by  specifying  a  suitable  wnerloal  value  for 
the  function  f  or  its  argument  s,  is  a  streamline  of  the  mean  flov.  The 
other  Is  that  the  sublayer  Reynolds  number,  defined  by  specifying  a  suitable 
numerical  value  for  the  product  fz  (say),  Is  a  constant.  Both  of  these  inter¬ 
pretations  are  expressed  in  terms  which  allow  their  iraaediste  extension  to 
compressible  flov.  However,  the  first  interpretation  has  now  to  be  dis¬ 
qualified  on  the  ground  that  it  requires  the  scaling  function  o  to  be  a 
constant.  The  second  interpretation,  which  appears  to  be  free  of  this 


*T  have  previously  attempted  an  extension  of  the  first  Interpretation 
to  compressible  flov  (1>^5),  using  only  part  of  the  full  transformation  given 
here.  This  earlier  paper,  in  which  toe  quantity  now  called  ou^m  denoted 
by  p  /p  ,  includeo  e  deaonotratior  toat  this  quantity  (and  hecce  e)  oust  be 
independent  o.n  .v  if  \x/  T  -  f  Is  constant  or  mean  street  lines  of  the 
compressible  "lov.  Except  for  the  one  negative  conclusion  /arc  quoted,  the 
discussion  of  conprcssioility  in  ’7  1  p£?er  nay  nev  be  suppressed. 
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p  u  y 

R  -  8  -  -■  ■  constant  (4.7) 

Further,  suppose  thct  an  equation  of  state  Is  given  in  the  fora 
T  «  ?(p,  p)  *  T(p)  at  constant  p,  so  that  a  infinite  mean  temperature 
?8  «  T(p#)  can  be  associated  with  the  mean  density  defined  by  (4.6) .  Sup¬ 
pose  also  that  a  viscosity  lav  is  given  in  the  form  u  *  m(T),  so  that  a 
corresponding  mean  viscosity  u  »  p(T  )  caa  be  associated  in  turn  with  this 

fc>  8 

mean  temperature. 

Finally ,  consider  once  more  the  experimentally  established  properties 
of  the  ratio  m/a  appearing  in  the  denominator  of  Eq.  (4.7).  According  to 
Fig*  5  9  p/<r  is  a  quantity  having  the  dimensions  of  viscosity  and  having 
moreover  a  quite  definite  value  at  a  given  station  in  an  adiabatic  compressible 
turbulent  boundary  layer  at  constant  pressure.  This  value  appears  to  lie 
oetveen  and  and  to  approach  the  Latter  as  tne  Reynolds  number  increases 


.4 
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for  fixed  lir.ch  number.  i.’ow  the  aitsar  viscosity  u.  corresponding  to  the  rnean 
8 ub layer  tcr.perature  Tg  ourjht  to  very  Dearly  these  bane  properties,  not 
only  -or  flow  at  constant  pressure  but  for  adiabatic  flow  in  general.  It  is 
therefore  natural  to  ask,  especially  after  consulting  the  ntnerator  of 
Eq.  (^«7)i  whether  or  not  the  quantities  jl/c  and  u  might  in  fact  be  identl- 
cal.  If  so,  then 


Ji. 


(^.3) 


The  first  equality  in  this  expression,  the  equality  e  *  u/u6,  will  be  re¬ 
ferred  to  as  the  sublayer  hypothesis.  This  relationship  evidently  provides 
the  third  condition  needed  to  define  the  three  scaling  functions  of  the 
transformation,  and  is  the  min  contribution  of  the  present  paper  to  the 
empirical  description  of  the  turbulent  boundary  layer  in  compressible  flow. 

If  the  sublayer  hypothesis  is  adopted,  Sq.  (k.7)  becomes  finally 

p  u  y 

Rfi  »  0  *  constant  (4.9) 

The  essence  of  this  argument  is  the  proposal  that  the  sublayer  Reynolds 

number  R.  may  be  independent  of  compressibility  when  the  density  and  viscosity 
8 


* 

Unfortunately  this  proposal,  like  oust  inventions,  is  sot  uniqps.  For 
example,  the  sublayer  Reynolds  number  ml<£t  equally  veil  have  bees  defined  (say) 
as  the  definite  integral  of  fds  rather  than  as  the  product  ft.  The  moan 
density  P  would  then  be  replaced  by  a  mean  mass  flow,  and  the  transition  to 
a  mean  temperature  and  a  mean  viscosity  would  became  more  difficult.  Sven 
the  latter  transition  is  ambiguous  unless  it  is  as  fined,  as  in  the  text,  that 
mean  thermodynamic  variables  for  the  sublayer  ere  related  by  the  same 
laws  which  apply  for  corresponding  local  variables.  This  assumption,  however, 
requires  the  mean  temperature  to  be  treated  as  a  derived  rather  than  a  funda¬ 
mental  quantity.  In  this  respect,  as  well  as  in  the  application  to  the  sub¬ 
layer  and  the  formation  of  the  mean  in  terms  of  an  integral  determined  by  the 
structure  of  the  incomplete  equations  of  notion,  the  present  definition  of 
mean  temperature  differs  from  similar  but  more  empirical  definitions  in  the 
heat- transfer  literature. 


-  JL 


' *— v  t*v  .auteo  ct  o  •sulfioly  (.’I  '.e-rcrut  ji*G  •'  .  "'he  constant  « 

^  o 

tr*  Eq.  (fc.9),  deter. inco  *by  tne  rrcpertie •;  oi  tne  xev  of  the*  vail  for 

i’i.uTwprcusible  flow,  ir  conceptually  i.-.  depend*.;  of  vif.cotlty  law,  state 
equal  ton,  number,  Preudtl  r;u..ioer,  spec:*  it*  :.ect  ratio,  curfaco  temper¬ 

ature  dir.t'riVntion,  and  lieut  transfer  rate  u.  tl:u  compressible  flow,  ana 
ruzy  also  be  t alien  as  independent  of  Reynolds  number  and  pressure  gradient 
to  the  same  extent  as  the  'av  cf  the  vail  itself.  On  t  ie  other  nond,  this 
constant  vill  certainly  oe  affected  by  surface  roughness  and  by  macs  trans¬ 
fer,  and  may  possibly  be  affected  by  external  turbulence  level  and  by 
changes  in  geometry  ouch  as  the  introduction  of  lateral  curvature. 


FLOW  OP  A  PERFECT  GAS 

% 

Giver,  the  sublayer  hypothesis  (l.O,  the  Lanediate  problem,  beet:  ot 

the  calculation  of  the  sublayer  mean  temperature  f  .  For  this  purpe*,* 

s 

It  Is  convenient  to  tame  the  conpreocible  fluid  to  be  a  perfect  gas  having 
the  state  equation  p  =  pRJ,  and  to  vrlte  from  (1.6) 
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CPT  ♦  r  • 


c  T  •  e  I  •  — •  u 
Vo  Vv  ty 


(4.14) 


which  1b  known  to  be  valid  for  laminar  flow  with  ftp  •  1  If  either  the  pres¬ 
sure  gradient  or  the  beet  transfer  ie  aero.  On  using  Kq.  (4.14)  to  evaluate 
the  definite  integral  in  (4.12),  there  is  obtained 


B  W  -  /  M  '  V  /  ■ 

r  •  r  m  i  •  (f/Vr 

V  8  \  /  *Tf 


/a  v  «v 


u  t 


PVCPTV  '  Vp 


1— -  -  i  Ji 


Cfc-15) 


whore  by  definition  qy  ■  -(k  d  T/u  y)y  and 


/  \  \  r 9  l  P  «  i?y 

/f  \  (z  )  »  i-  fdi-  -•  f  ■ 

•  \/  0  %  I  6  u 

l  »,J  P«ur 


(4.15) 


An  iaterestinc  alternative  fom  'ji  tSo.  (4.15)  follows  when  T^/p  is  replaced 

by  7  cr/r:  see  qw/tw  is  replace*  by  c  (Ty  -  tf0  J/u^,  the  latter  flroa 

*  oo 

Kq. (..!•).  If  Is  ellTvinated  ft ran  the  resulting  expression  using 
T  /T  -  1  *  (y  -  1)  M^L/2,  and  if  is  eliminated  usln^  (4.6),  the 

O  00  00  l 

JO 

result  la  the  cinple  expression 


T  *  v  I  *o_  l  C,  /  0\ 

jjr-  ■  1  +  '  i  '  -  lj  v  *-  -  \*  ( 

\  \  1  6  N  ' 


5,  /V  T  5. 

r*  v ,  ‘-T-'fr'r 


(*•.17) 


Given  tne  Mncn  tuaoer  end  tbe  4kll  temperature  ratio  for  toe  coopres- 

K 

r-iblc  flow,  therefore,  te  tvo  fortults  (4.17)  anr 


T  u 

JD  V  — 

*=■  —  C. 
M.  * 


(4.16) 
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Tills  equation  any  first  be  put  in  the  alternative  form 


T.  *  =■ 


L  I 


r-  |  T  dy  -  f- 

I  • 


T  dz 


(4.U) 


vlicre  z  is  the  Independent  variable  used  to  represent  the  mean-velocity 

profile  by  voy  of  t.;e  lav  of  the  wall,  Sq.  (4.3).  Tue  last  result  nay  be 

« 

rewritten  once  core  ir.  terns  of  ti«.  local  stagnation  temperature 

T  *  -  «•  'f‘/2c  and  partially  evaluated  with  the  aid  of  (4.4)  to  obtain 
V  P 


-  1  7A  lii  Us Tw  ♦  i 


s  T 


(ft  -  1)  dz  (4.12) 


where  by  definition 


<■*)  <•.>  ■  k 


h  8  2 

I  .  pu 

-  i  ^  ■  V  2 — — 

0  J  ?  f® 

0  u6  j  P  dy 
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is  the  neon  value  of  in  the  sublayer. 

THE  FVEA7IVS  CA£S  Pr  ^  1 

The  form  of  the  last  teriu  in  Eq.  (4.12)  calls  attention  to  the 


(4.13) 


inportaocc  of  the  special  case  T&  -  Ty  =  constant,  and  suci'/sts  an  examina¬ 
tion  of  the  consequences  of  the  full  Crocco  ener.y  integral 
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togo tiier  provide  a  parametric  relationship  —  with  the  viscosity  lav  for 

u  -  |i(T  )  as  parametric  function  —  expressing  the  local  friction  coefficient 

&  c 

m 

Cf  in  tens  of  Cf  alone.  Once  is  Renown,  nay  bo  found  from  the  lav  of 
corresponding  stations  (2.21),  and  the  bent  transfer  may  be  computed  froa 
the  usua!  formula 


°h 


vm 
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p  u  c 
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ac 


(4.19) 


The*,  results,  of  course,  apply  only  tor  flows  characterised  by  the 

£ 

Crocco  energy  integral  (4.14).  Thus  the  Prandtl  number  oust  be  unity,  the 
vail  temperature  must  be  constant,  and  in  all  probability  either  the  heat 
transfer  or  the  pressure  gradient  must  be  aero,  although  there  la  so  far  no 
restriction  on  the  viscosity  lav.  Within  these  limitations,  and  in  particular 


For  turbulent  flow  the  validity  of  the  Crocco  energy  integral  (4.14)— 
or  of  any  other  energy  integral  in  analytical  form,  for  that  matter— is  a 
matter  for  conjecture.  The  most  that  can  be  argued  from  the  linear  behavior 
of  T  and  u  near  y  «*  0  is  that  the  integral  (4.l4),  if  it  is  valid  at  all 
for  turbulent  flov  with  heat  transfer,  can  only  be  valid  if  the  laninar 
Prandtl  nunber  is  unity.  Zt  follows  tint  calculations  based  on  this  integral, 
which  is  to  say  calculations  based  on  Eqs.  (4.17)  end  (4.19),  cannot  be 
quantitatively  correct  for  gxses  such  as  air,  although  they  may  be  useful  ae 
a  weens  of  eetlaatlng  the  effects  of  compressibility  and  boat  transfer  on 
skin  friction. 

V'. t.:  regard  to  E7.  (4. 17)#  Lt  should  be  rv.ielcred  that  the  quantity 
I  is  actually  defined,  e.,;.,  oy  E«..  (4.  or  nore  ,:ei.eruily  by  Zc,  (t.iO), 
wltnojt  reference  to  conditions  in  the  1'xvc  :*>t  reai.  On  the  other  hand, 

(4.17)  has  the  wIvbl  t»v*e  of  ooi'  ,.  Independent  of  tho  £orr.  of  the  vitcooity 
lav.  FurU.eraore ,  Eo.  (4.17)  -5  reo-ii:y  applied  tc  various  special  caser. 
of  practical  interest,  including  the  case  cf  law-speed  i«mt  transfer 
(.v»  *  0  cr  T  -  7  '  ;  the  cane  ox’  adiabatic  flov  ( '•  »  0  or  ?  *-  ?  ): 

and  the  case  ol  a  very  cold  vail  (?,  *  0,  ray).  Finally,  Be.  (4.17)  ex- 
preesnr.  tne  cublaycr  mean  temperature  au  a  hi  near  combination  cf  tne 
throe  cnaractcrlntic  temperatures  1  ,  7  ,  and  T  ,  and  rhuo  bears  a 

oc 

strong  resemblance  tc  certain  empirical  for  .tu*.  which  *ro  iiscu-ced  at 
T.orc  length  ir.  Append  L*  D. 
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Tor  the  case  tip  o:  •»  3,  tLt  only  now  empirical  informal.  Ion  net  doc:  ir»  tn 

numerical  value  cl  the  sublayer  Reynolds  number  Rg  (or  ol  any  one  of  the 

equivalan .  quantities  *,.>  Zu>  \  0r  -y». 

*•  fa  \  /  \  / 

THE  FURTJHt  KB3SUCTI0H  u/T  «  Cono  tent 

It  will  be  recalled  free  Section  III  that  the  equations  of  notion  for 
nfwa*»  coipresaiblt  flov  r.oulo.  o:  reduced  to  ir.coipresciole  form  only  for 
a  perfect  yao  ..1th  viecooity  proportional  to  temperature.  Although  the 
latter  restriction  is  unlikely  to  to  necessary  for  turbulent  flov,  it  cocj 
load  to  a  particularly  simple  relationship  between  the  local  friction 
coefficients  end  .  For  tee  case  u/T  =  constant  (more  generally,  If 
|i  Is  any  explicit  function  of  T),  the  sublayer  mean  temperature  T  can  be 
eliirlnnted  Area  the  par aco trie  representation  given  by  Eqs.  (4.17)  and 
(4.13)  to  obtain 


where  corresponding  stations  ere  nov  connected  by  (2.21)  in  the  form 


(4.21) 


Incidentally,  for  flov  at  constant  pressure  the  transformation  for  the 
stress vise  coordinate  x  can  be  found  from  Bq.  (4.2),  which  has  so  far  not 
been  used.  In  combination  with  (4.1)  and  (2,19)$  this  equation  can  be 


vrltten 

1  dx  1  Pu  Mp 

t  *  £  "n  p^w  & 


(4.22) 
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But  or  is  equal  to  £/us  by  the  sublayer  hypothesis,  tad  u§  la  aa  implicit 
function  of  0  througi  the  dependence  of  both  fig  aad  uw/m#  on  Z*,  a  dependence 
Riven  by  Fig.  4  in  the  one  eaao  aad  by  the  viscosity  lav  aad  Iq.  (4.17) (soy) 
in  the  other.  Again  for  the  special  case  TQ  ■  cons  teat  sad  u/T  ■  constant, 
Sq.  (4.22)  and  the  definitions 


together  imply 
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(4.23) 


(4.24) 


where  FH  is  know  empirically  as  a  function  of  fig  ftroo  a  numerical  integra¬ 
tion  of  the  second  of  Eqs.  (4.23).  The  spirit  of  this  calculation,  inciden¬ 
tally,  is  typical  of  nost  boundary-layer  problems,  in  that  x  and  x  hare  to 
be  treated  as  dependent  variables  whose  evaluation  is  possible  only  after 
the  dependence  of  Z *  on  Rg  has  been  specified  in  the  definition  (4.23). 

TEE  NUMERIC/ L  VALUE  OF  R 


It  remains  to  determine  the  numerical  n>,pnitud?  of  the  sublayer 
Reynolds  number  R  .  Fo-  this  purpose  the  special  formulas  Jumt  obtained  are 
of  academic  interest  only,  nr  these  forrular.  refer  for  the  oo3t  part  to  the 
flow  of  a  fictitious  perfect  .jas  with  Fr  *  1  and  u/?  »  constant.  Ideally, 
ti.e  best  procedure  is  a  direct  evaluation  of  R_  from  the  definition  (4.5), 
wing  "ensured  values  fer  u(y),  and  ?(v) .  Such  measurements  would  first 
determine  the  ratio  u  f\i  •  either  by  the  methods  already  employed 

in  Pig.  5  cr  more  generally  by  a  fit  to  the  lav  of  the  wall  (4.4).  given 
It  and  a  viscosity  law,  the  implied  value  of  T  together  with  the  static 

S  B 


p-;*i7 


temperature  profile  T(y)  would  then  determine  pg  and  yg,  the  former  >on 
the  state  equation  and  the  latter  as  the  upper  limit  of  integration  in 
Vq.  (4.10).  With  p  .  u,  »  ,  and  u  -*  u(y  )  known,  the  value  of  R  * 
psuay Milovs  immediately.  .'lore crver,  a  comparison  of  values  of  Rg 
obtained  for  various  flows  by  tills  method  would  provide  a  direct  and  decisive 
test  of  the  sublayer  hypothesis.  Unfortunately,  the  necessary  measurements 

have  neve^  been  made,  so  that  loss  direct  and  hence  lees  decisive  methods 

•  • 

must  be  found. 

Consider  therefore  the  general  equation  (4.12)  rewritten  in  the  fom 


Tv  /A  ha  T  y.l  2 


(I..25) 


Experimentally  speaking,  the  only  unknown  quantities  in  this  equation  arc 

/  A 

the  fundamental  sublayer  parameter  2  N  ,  defined  by  Eq.  (4.13),  anti  the 

V  / 

auxiliary  par  no  ter  s,  defined  by 


/To 


W7  “  ~ 


*J  t 

-  X)  1, 


(X.2-) 


In  rjfurticular,  the  ef***ct  oi  j*.j  1.:  ctugnatior.  .•r'iwtr:,  .natovw.* 

their  nature  or  origin,  is  now  concentrated  in  the  par v» ter  « .  ibis 
parameter  will  ordinarily  vanish  only  for  adiabatic  flow  of  a  fluid  with 

Pmadtl  number  of  unity.  If  the  Praiidtl  rwrber  l*.  too  far  from  unity, 
however,  the  definition  (4,.'.J)  indicate for  -.Ciabatic  flow  that  t  ill  v 
of  order  1  -  r,  where  r  is  the  recovery  factor.  For'  ti...-  nur-oooc  of  dot.  r- 

A 

mining  \ry  (and  hence  R^)  fron  Zq.  (4.25),  thertiore,  a  relatively  rouji 
dtinatc  of  e  Bhoulc  be  sufficient.  Thin  ectimate  in  turn  iopondr  oa  a 
’.cnovledge  02’  ar  ener  ft/  into  ~rol ;  i.c.,  n  relation  eh  ip  between  c-coerat urt 
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anc  v  locity  such  t.  at  7Q(y)  In  Eq.  (4.26)  can  be  expressed  in  terns  of 
u(y)  nr it  so  in  terns  of  f(z).  The  most  accurate  meocurenente  of  T0(y)  in 
ndiv»M.tic  supersonic  flow  at  constant  pressure  are  probably  those  by 
04*1  wan:  ( 125  o)  rnt  by  JCistler  ( ly5o) ,  both  of  wtor-i  Measured  T  welt:  an 

w 

.await ed  sot  vlra  as  a  resistance  thermometer.  The  me;ourexent6  in  question 
arc  shown  in  Fie-  i  they  suggest  teat  the  observed  reintionsi-.i:*  between 
voic'd  nnd  temperature  ni;tht  be  satisfactorily  approxiisated-— in  the 
region  ./nici:  is  important  for  tee  evaluation  ox1  c,  and  only  for  the  pur- 

a¬ 
pe  e  of  teis  evaluation- -by  the  strti-rht  line 


(4.27) 


But  this  empirical  expression  for  adiabatic  flow  with  Pr  ^  1  Is 
formally  Identical  with  the  Crocco  energy  internal  (4.14)  for  flow,  with 
heut  taraaifer  but  with  Pr  -  1.  It  follows  that  c  can  be  computed  In  either 


c.i.;e  from  the  formula 
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•fre  (t j  is  Uefir.-’d  by  Eq.  (4.16).  It  ulao  follows,  ths.t  :q.  (4.17) 
for  tee^eor.  sublayer  temperature  although  originally  derived  fro/1  v.  .- 
Crocco  integral,  x. oald  aloo  he  reasonably  accurate  for  air,  at  leu  at  when 
the  pressure  io  constant  and  tee  flaw  is  nearly  adiabatic. 


* 

Tito  accuracy  of  thiu  approxi  a  "ion  for  both  lov-.pee<  and  hlGP-spoeO 
flows  with  heat  transfer  will  be  ciscutsed  in  Appendices  /  and  B.  Z  wont 
to  empha.,iiie  tent  my  object  aero  ir.  to  estimate  tee  effect  of  Prandtl  num¬ 
ber  on  akir.  friction,  not  to  deter /.ine  tee  neat  transfer.  Neither  the 
uerlvativc  (  JT/  dy)w,  whicn  ic  zero  for  adiabctic  flow,  nor  the  integral 
of  p>  (T.-T  )  teraS.?*  tee  bound^rj  layer,  whicn  is  constant,  can  be 

correctly  *6b?alticd  frorj  the  empirical  formula  (4.27). 
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Given  Eqs.  (4.25)  amd  (4.26),  n  simple  iteration  starting  with  c  •  0 
any  be  used  to  find  ^f  )  and  for  the  data  previously  collected  in 

Figs.  1*5 •  The  final  result  of  tills  Iteration  is  shown  in  Fig.  7.  Hie 
straight  heavy  line  in  the  figure*  corresponds  to  the  values  •  17.2, 

)  *  305;  and  the  lighter  linos  illustrate  the  effeet  of  Reynolds  nit-'oer 
an  VT.  (or  on  u/ehv)  at  constant  Mach  number,  on  effect  which  vac  orit4.n- 
ally  cited  as  the  raajo-  cause  of  the  scatter  in  Figs.  2  and  5. 

Whether  or  not  the  argument  for  a  straight  line  in  Fig.  7  is  convincing, 
one  last  inference  to  be  drawn  from  this  argument  is  that  any  such  line  must 
terminate  at  a  finite  point  which  7  ’-’ill  call  the  hypersonic  limit.  Hie 
reason  Is  that  Cf  varies  11  :c  l/Mj^  .'or  large  ,  so  that  Ty/7,,  is  a 

bounded  function  01  both  Macs  mtferr  end  Reynolds  rur.be r.  Frcn  Eq.  (4.17) 

t  • 

It  then  follows,  for  (t" /  *  30s  and  Cf  »  0.005  (say),  that  hc.r- 

sax 

a  maximum  value  of  about  o  In  adiabatic  flow.  Furthermore,  the  product 
is  equivalent  to  r^p,  go  tlu.t  for  fixed  Cf  the  ratio  of  to  p 
(or  to  p  c  •; )  remains  finite  in  the  limit  of  large  Mach  number,  despite  the 
fact  that  and  scpr.ru t el;,'  approach  zero.  Although  these  con¬ 

clusions  are  strictly  correct  only  for  the  case  of  a  perfect  gas  with 
u/T  =  constant  and  1  *=  constant,  similar  conclusions  may  be  expected  to 

hold  for  real  turbulent  flows  under  appropriate  conditions. 

Finally,  fit  r»vor-ali  accuracy  of  tr.e  transfer lutior.  anc.  of  ~ne  experi¬ 
ments  rq y  be  teotti  b*  reducing.  ;  ho  available  supersonic  datu  10  equi valent 

* 

Fig.  7  id  the  runt*  as  F ip.  3  of  the  introduction,  except  th>t  the  or¬ 
dinal  o  in  the  earlier  figure  is  .V/'TS  rather  than  (1  •  c)tv/  b.  .'ere  and 
elsev  iere  ir.  this  section  the  sublayer  peraresers  1  uve  been  computed  fro^ 
the  definitions,  e.g.,  Fqs.  (4. 5),  (4.13),  or  (4.1c).  using  tie  particilai 
function  t(z)  taoulat.ee  in  another  paper  ( loles  1>55)#  bui  wit;.  f  redjeed 
by  tve  per  cent  for  reasons  set  out  ir  Aypendlx  A  of  the  present  paper. 
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incompressible  form.  Values  of  computed  iToo  Eqs.  (fc.d)  and  (b.17), 

us t.ic  experimental  values  for  C..,  .  7  /r  ,  the  viscosity  law.  and  the 

1  00  V  o 

00 

sublayer  constants,  ore  cupcrL-npoced  in  Fi^.  6  on  tne  low-speed  friction 
curve  of  Fie*  h.  in  view  of  tlx:  discrepancies  which  arc  already  present 
in  the  raw  data  as  a  result  of  unavoidable  irregularities  in  tunnel  condi¬ 
tions,  residual  effects  of  tripping  devices,  and  other  causes,  I  feel  that 
this  final  correlation  is  entirely  satisfactory. 

TUB  MOTION  07  A  SUBSTRUCTURE 

The  sublayer  constants  of  Section  ZZZ  have  now  acquired  the  values 

<<*>  -  305 

(«)  -  17.2 

ta  -  19-8 

Zg  -  ^30 

R  »  6500 

s 

At  first  jlonce  tlie  fijura  quoted  for  Rfl  is  unprepossessing,  because  It  is 
very  nuch  lsrjer  than  the  Reynolds  nusber  of  y^rliaps  1^0  uhlan  is  usually 
taken  to  be  characteristic  of  the  viscous  sublayer  in  turbulent  flow. 

Equally  unprepossessing  is  *ihe  ii.cz  thet  U?*.-  parameter  Rf ,  alti.ou, ch  it  is 
1  or 'all;-  defined  entirely  in  torr.o  of  \£c  properties.  of  iaca.prousible 
flows,  seer*  to  ploy  no  explicit  :irt  in  such  flown.  In  other  words,  R# 
seen  to  be  important  only  insofar  *s  tho  effects  of  compressibility  arc 
concerned,  and  can  in  fhet  be  deterained  only  by  c.  itudy  of  there  effect*. 

Z  will  try  to  counter  both  of  these  objections  b;  proposing  a  new 
interpretation  for  the  characteristic  Reynolds  nur.ber  R  .  This  interprets- 

o 

tion  emerges  from  tii .*  study  in  Appsndix  A  of  the  available  date  for  low* speed 
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flow  when  attention  In  focus eed  on  the  Inverse  transition  from  turbulent 
to  Jjunlnar  flov  as  the  Reynolds  nunber  decreases  under  strongly  disturbed 
conditions*  Not  only  is  there  a  fairly  definite  critical  Reynolds  nunber 
for  this  inverse  transition,  but  the  Uniting  turbulent  profile  near  transi¬ 
tion  is  adequately  described  by  the  lav  of  the  vail,  Eq.  (  4.5),  terminated 
uot  far  Tror  the  point  (f  ,  z)  ■  (19*3,  430)  which  now  defines  the  outer 
edge  of  the  sublayer.  She  analogy  with  the  critical  Reynolds  nunber  for 
flow  in  a  circular  pipe  is  clear,  w  *cial  'y  since  this  critical  Reynolds 
number  for  pipe  flov  is  known  to  describe  not  a  region  marked  primarily  by 
large  direct  dissipation  of  energy  or  by  strong  damping  of  velocity  fluctua¬ 
tions,  but  a  region  which  has  all  the  essential  properties  of  turbulent 
shear  flow,  including  the  ability  to  extract  energy  from  the  environment  -- 
through  the  action  of  large  eddies  having  a  scale  distinct  from  the  dissipa¬ 
tion  scale  --  at  a  rate  sufficient  to  prevent  the  decay  of  the  turbulence. 

Il'  this  tentative  interpretation  is  adopted  for  the  boundary  luyer  as  veil, 
the  region  in  question  should  probably  be  given  a  special  name  to  distinguish 
it  flron  the  ordinary  sublayer.  I  therefore  propose  the  ten  "turbulent 
substructure"  as  one  which  conveys  something  of  the  connection  with  transi¬ 
tion  and  at  the  same  time  indicates  the  subordi  *-olu  played  by  tills 
region  In  flov  at  large  Reynolds  numbers. 

Experiment'll  evidence  can  be  found  both  for  and  against  the  proposition 
that  the  substructure:  parameter  Rg  can  be  identified  with  the  limiting 
Reynolds  number  for  turbulent  boundary -layer  flov.  According  to  the  cata 
plotted  in  Flj.  10  of  Appendix  A,  turbulent  flow  may  have  been  observed  at 
Reynolds  .numbers  =*  u^Q/v  ac  i;  nil  as  290,  whercer  tue  value  of  R-r 
which  is  characteristic  of  the  oun  structure  flow  (wit  u^T/^  -  o~00)  io  7o9. 


:.ovever,  vast  or  tnc  profiles  surveyed  in  t  ie  appends  auve  been  damnified 
as  turbulent  on  Uie  basic  of  indirect1  evidence,  and  there  is  no  assurance 
in  noae  cases  tl.at  the  i-ofiles  nearest  tradition  are  fully  developed  in 
Uie  sense  (say)  that  tae  intemittency  luotor  is  unity  near  the  surface. 

I  he  .sain  difficulty  in  the  case  of  boundary-layer  llcw  is  that  the  inherent 
increase  in  Reynolds  nuj.bcr  with  distant  -:uy  act  to  convert  a  te.:porary 
and  abnormal  response  to  n  strong  dictrubnncc  into  a  permanent  one.  I!o 


such  difficulty 


ic  enco’ir.tcrcd  in  the  e's*v  of  pipe  flow. 


far  which  the  cri¬ 


tical  Reynolds  nuj.-xer  cur.  be 
initial  disturbances,  si.-.n'.y 


determined  with  r.ood  precision,  rcpnrcL  esc  ->i 
by  oboervia,.  the  flow  far  dovnstrenn..  Presto*. 


(192*-)  -ar,  used  this  property  of  pipe  flow  in  ecti  at  In*;  a  raimnur  value 
u~  »  320  for  the  boundary  layer,  but  his  tur,.c'.onts  also  rely  iji  part  or.  u 
defect  law  which  is  now  known  to  fail  ut  3ra.ll  Reynolds  lur-Dcrs.  X;*.  fact, 
the  disappearance  of  tie  vote  component  in  both  pipe  urtu  boundary-1  *y  *  : low 
a'  u*e  Reynolds  number  aecrvar.es  alnost  certainly  corresponds  tc  t  ie  li... ap¬ 
pearance  of  the  larje  cddl.-s  w.-.ich  are  prLnurily  responsible  :or  the  tr**r.»- 
fer  of  en err»y  from  the  c*:a:»  flow  to  the  turbulence.  I  have  nude  t  ; is  sa.:e 
point  in  Appendix  A  in  connection  with  a  study  oi  flews  recovering  from  the 
effects  of  tripping  or  thickening  devices;  and  perhaps  it  is  alse  relevant 
here  to  nention  the  value  fig  «  660  observed  oy  Dutton  (1925b)  for  the  asymp¬ 
totic  turbulent  boundary  layer  with  b action,  a  flow  in  which  the  wake  com¬ 
ponent  la  again  absent  and  the  survival  of  the  turbulence  is  again  marginal. 

Anothar  and  less  ambiguous  approach  to  the  problem  of  a  Uniting  flow 
can  be  nade  in  terms  of  the  maximum  value  of  the  local  friction  coefficient, 
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inasmuch  as  the  properties  of  any  Uniting  flow  should  be  suitable  grist 
for  the  Bill  of  the  transformation.  Xn  several  of  the  experiments  with 
flouting  elements,  cited  earlier,  transition  was  observed  to  toove  over  the 
element  In  response  to  changes  in  tunnel  pressure  or  velocity  or  In  response 
to  changes  In  the  strength  of  a  variable  tripping  device.  The  measured 

values  of  C.  are  plotted  against  it  is  Pig*  9  without  regard  to  the 

*max 

corresponding  values  of  R^,  which  were  usually  not  measured  and  might  In 
any  case  be  difficult  to  guarantee.  Also  shown  are  some  curves  of  constant 
computed  for  air  and  helium  at  wind-tunnel  conditions  with  the  aid  of 
the  general  transformation,  using  for  the  sublayer  parameters  the  numerical 

values  Just  quoted.  The  figure  indicates  that  values  of  larger  than 

£ 

O.OOUc  have  not  in  fact  been  observed  in  rny  of  Uiese  floating-element 
experiments,  although  strenuous  efforts  were  made  in  most  cases  to  stimulate 
early  transition  to  turbulent  flow.  Because  these  direct  measurements  a re 
entirely  consistent  witt.  vie  plausible  urper  bo  one  on  C ^  supplied  by  the 
value  2/f,.4'  u  0.0051  for  the  hypothetical  substructure  flow  with  Rg  =  jQo, 


Hie  correction  for  gap  effect  (the  inclusion  of  the  gap  area  as  pert 
of  the  element  area)  has  not  betn  made  for  Cbavan's  data,  as  it  amounts  to  a 
decrease  in  ?L  of  some  15  percent.  Pig.  9  also  confirms  a  conclusion  which 
I  reached  and  reported  at  the  tino  of  ay  own  experiments  (Coles  1953) »  this 
conclusion  is  that  the  fence  tripping  device  sometimes  had  the  peculiar 
effect  of  inhibiting  rather  than  stimulating  transition. 

Ey  the  term  "wind-tunnel  conditions"  in  Pig.  9  is  meant  that  the  stream 
stagnation  temperature  for  air  bus  been  taken  as  550°  R  for  M  <  4.7,  sad 
the  stream  static  temperature  as  100°  R  for  M  >  4. 7.  The  Increase  1a 
Cj/Sf  with  increasing  Mach  nuu'otr  when  U-  is  large  corresponds  qualitatively 
to  tne  change  in  sign  of  the  factor  multiplying  M  2  in  the  denominator  of 
Eq.  ( B-l8  ).  For  the  special  conditions  represented  by  the  latter  formula 
It  then  follows,  whenever  exceeds  the  value  2/  \Jr)  •  0.0066,  that 
T  /T  is  less  than  unity,  since  this  condition  cannot  be  aet  in  an  adla- 
bltl8°  flow  in  which  T  decreases  aonotoaloally  from  at  the  wall  to 
la  the  free  streaa,  a  definite  upper  bound  in  the  neighborhood  of  -  0.0066 
is  seen  to  be  Inherent  in  the  formalism  of  the  substructure  eoneeptrlteelf. 
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1  aa  not  inclined  to  attach  too  great  a  significance  to  the  few  cases  en¬ 
countered  in  Appendix  A  for  which  larger  values  of  sees  to  be  implied 
by  the  lav  of  the  wall. 
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Appendix  A 

A  KAKUAI  OF  gXPEHrgrfTAL  BOUNDARY -IAYBR  PRACTICE 

I.  LOW -SPEED  FLOW 

ISTRQDl'CTXtB 

The  analysis  reported  in  the  main  body  of  this  paper  aj  sumac  an  empir¬ 
ical  knowledge  of  certain  properties  of  turbulent  boundary  layers  in  lov- 
upecd  flow  at  constant  pressure.  The  most  important  of  these  properties 
is  the  value  of  the  local  friction  coefficient,  especially  for  low  Reynold:! 
numbers.  I  have  therefore  felt  obliged  to  undertake  yet  another  survey  of 
the  experimental  literature,  the  survey  this  time  being  as  complete  as  I 
can  make  it  from  both  the  clerical  and  the  critical  point  of  view.  Inas¬ 
much  as  I  nave  found  this  survey  highly  instructive  on  the  subject  of  proper 
experimental  technique,  I  vant  to  record  sotrte  of  my  impressions  here  in 
the  hope  that  they  nay  be  relevant  for  future  as  veil  os  for  past  research. 

I  have  listed  in  the  adjacent  Table  I  all  of  the  papers  which  I  know 
to  contain  experimental  information  about  the  nean-velocity  distribution 
in  turbulent  boundary  layers  on  smooth  surfaces  in  low-speed  flow  At  nomi¬ 
nally  constant  pressure.  Some  of  these  papers  are  listed  primarily  for  the 
sake  of  com]:  let  one  ns,  and  will  not  be  represented  in  the  later  figures. 

The  reason  lb  usually  tliat  the  data  arc  incompletely  reported  or  that  they 
contain  certain  anomalies  which  in  my  opinion  are  not  compensated  for  by 
some  definite  contribution,  eit  icr  positive  or  negative,  to  experimental 
knowledge  of  the  problem.  Thus  the  measurements  by  9a inch  ( 1?>))  are  oraittoc 
because  they  wer.  carried  out  i:  a  flow  marked  by  high  turbulence  level  and 
no.vju.ilora  pressure,  ~jnd  because  they  are  superseded  by  some  later  experi¬ 
ments  by  Landveoer  and  Siao  (195c)  in  the  same  tunnel  under  much  improved 


BCPKRMNTAL  INVEST IQATIOBS  Of  TURBUUMT  SO 

Stream 


Author 

Date 

Tunnel 

Configuration* 

Turbulenoe 

Level'*’ 

Model 

Albertson 

191*6 

cj,  or  (d) 

Moderate? 

Partially  shielded  plate 

Tape 

•  Allen  end  Cut  lend 

1953 

Tank 

--- 

Partially  submerged  plank 

Wire 

Ashkenas  et  el. 

1952 

cj,cr 

0.0004 

Tunnel  wall 

Son* 

Aehkenne  end  Riddell 

1955 

cj,cr 

0.0004 

Full-span  plate 

Diet 

Ashkenas 

1956 

cj,cr 

0.0004 

Full-span  plate 

Dir 

Baines 

1950 

cj,cr 

0.012 

Partially  shielded  plate 

Blu: 

row 

Barrov 

1958 

oj,or 

High? 

Unshielded  plate 

Blu. 

wire 

Cermak  and  Lin 

1955 

cj,or<d) 

0.007 

Full-span  plate 

Tap* 

v^mn 

1951 

cj,oi<d) 

0.0003 

Full-span  plate 

Wire 

Dryden 

1936 

cj,or(d) 

0  0 

S3 

Full-span  plate 

Bone 

Dutton 

1955 

cj,cr 

Law? 

Full-span  plate 

Blu: 

or 

Ide  and  Saunders 

1958 

Veter  channel 

... 

Partial-span  plate 

■on 

■Awards  and  Purber 

1956 

cj,ox<d) 

Variable 

Full-span  plate 

Hon 

Silas 

1929 

oj,cr 

High? 

Unshielded  plate 

Mon* 

Favre  et  al. 

1955 

cj,cr 

0.0004 

Full-span  plate 

Dls 

Furber 

t 

195* 

cj,cr 

High? 

Partial ly  shielded  plate 

'  Blu: 

Grant 

1957 

cj,or(d) 

Low? 

Tunnel  floor 

Fan* 

*  o j  ■  open  jet 
cj  -  closed  jet 
or  -  open  return 
er  -  closed  return 
(u)  ■  fan  upstream 
id)  ■  fen  downstream 

♦  Lorn  -  lose  than  0.001 

Moderate  -  0.001  to  0.002 

High  -  sore  than  0.002 

If 


Tab!*  Z. 

XNVB3TIQATI0NS  OP  TURBUlUfT  BOURDUQT  XAYKRS  IN  LOW-SPUD  PLOW  AT  CONSTANT  PFBSSURB 


Modal 

t  tally  shielded  plat# 

t tally  suhnarged  plank 
sal  wall 
L-apan  plate 
L-apan  plate 

t  tally  shielded  plate 

itelded  plate 

L-apan  plate 

L-apan  plate 
L-apan  plate 

L-apan  plate 

tlal-spen  plate 
L-apan  plate 
itelded  plate 
L-apan  plate 

;  tally  shielded  plate 


Tripping  Device 
Tape  akepd  of  nodal 


Wire;  fins 
Nona  | 

Diatrll  tfted  roughness 
Distrib  uted  roughness 


Blunt 
roughnd 


Reading  edge; 
ss 


Blunt 

vtra 


Tape  atyead 

Wire 
None 


Blunt  It 
or  roughness 


pending  edge; 

of  eodel 


Dleenslons 
Tungsten  hot  wire 

1.6  on  dta.  (rake) 
0.7  x  2.^  m 
0.3  x2e 
0.3  x  2  as 

0.7  rm  dta. 

1  ns  dta. 

Tungsten  hot  vtra 

0.1  x  0.6  m 
Platlnua  hot  vtra 


edge;  vtra  0.13  x  1.9  m 


Blunt 


None 
None 
None 

Distributed  roughness 


•Is* 


1.8  an  dta. 
1  as  dta. 
0.3  m  dta. 
1  an  die. 

1.8  on  die. 


Source  of  Data 

Fig.  8 


Private 
rigs.  12,  19-23 
rig.  17a 
rig.  i 

rig.  9 


rigs.  2,  7-9; 

private  cone. 


Table  29 
rig.  12 


Private 


Wg.  7 

ngs.  18,  32,  *0 
Figs.  8,  9  . 


ltl  floor 


Panoe 


0.9  am  high 


rig.  ao 


I 


US  Df  L0W-3PBD  FLOW  AT  CONSTANT  FRBSSURS 
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1 1 

DtTlM 

rTOM 

Dimensions 

Sourea  of  Data 

Nunber 
of  Profiles 
Studied 

Otter  Data 
of  Znteraat 

nodal 

Tungsten  hot  vlrt 

Fig.  8 

— 

Mass  transfer 
(evaporation,  voter) 

1.6  db  Ala.  (rate) 

Private  coma. 

20 

Bdge  effect 

0.7  x  2.^  Hi 

Flg«-  12,  19-23 

6 

Reynolds  stresses 

<ugbness 

0*3  x  2  ■ 

Fig-  17a 

11 

9weep 

tughness 

0.3  x  2  ■ 

Fig*  4 

3 

Reynolds  stresses; 
sweep 

•d««; 

0 

• 

-4 

1 

* 

• 

Fig.  5 

— 

Intensity  of 
u-fluetuatlons 

•Of 0; 

1  on  Ala. 

Figs*  2,  7«9> 
private  earn. 

22 

Ness  transfer  (bloving 
at  slot,  air) 

nodal 

Tungsten  hot  vlrt 

Table  29 

mm 

Mass  transfer 

(evaporation,  voter) 

0.1  X  0.6  BB 

Fig*  12 

1 

Floating  elaaent 

Platinum  bat  vlrt 

— — 

mm 

Transition;  Intensity 
of  u -fluctuations 

•Age;  vlrt 

0.13  x  1.9  m 

• 

i 

! 

1 9 

Preston  tuba;  aass 
transfer  (distributed 
suction,  air) 

1 

4 

jfe 

1.8  bs  dim. 

mmmm 

— 

Beat  transfex 

D 

■ 

1  as  Ala. 

Pig.  7 

6 

Beat  transfer 

1 

0.3  m  Ala. 

Figs.  18,  32,  *0 

4 

Beat  transfer 

#UgteeSS 

1  m  Ala. 

Figs.  8,  9 

12 

Tias-epeoe  correlations 
(velocity) 

h* 

I 

1.6  bi  die. 

mmmm 

-- 

Bwt  transfer;  aass 

transfer  (condensation, 
voter) 

I 

1 

0.9  m  high 

Fig.  20 

1 

Spaas  correlations 

Author 

Kamil 

Hansen 

.  va.\  der  Uegge  Zijnen 
Jolmson 


Juries 

192* 

oj#or 

High? 

Unshielded  plate 

Karls son 

1958 

cJ#or(  u) 

Variable 

Tunnel  floor 

Key 

1953 

cj#cr 

Moderate? 

Full -span  plate 

JQebanoff  and  Diehl 

1951 

cj,cr 

0.0003 

Full-span  plate 

•r- 

lebanoff 

195* 

cj#cr 

0.0003 

Full -span  plate 

Kline  et  al. 

i960 

cJ,or(d) 

Variable 

Full -span  plate 

Londweber  and  Siao 

1958 

cj,cr 

0.002 

Full -span  plate 

Ludovici 

1926 

oJ,o  r 

High? 

Unshielded  plate 

McCullough  and  Combucci 

1952 

cJ,or(u) 

Moderate? 

Tunnel  vail 

Michel 

1950 

cJ,or<  d) 

High? 

Tunnel  floor 

Mickley  and  Davis 

1957 

cJ,or(u) 

Moderate? 

Tunnel  ceiling 

Parmelec  and  Huebscher 

1?*7 

cJ,or(d) 

0.013 

Pnrtial-span  plate 

Peters 

1938 

cJ,or(u) 

0.002 

Full -span  plate 

•  oj  *  open  Jet 
cj  ■  closed  Jet 
or  »  open  return 
cr  •  closed  return 
u)  ■  fan  upstream 
d)  -  fan  downstream 


Stream 


Date 

Tunnel 

Configuration* 

Turbulence 

Level* 

Model 

19*7 

oJ,cr 

Moderate? 

Shielded  plate 

1926 

oJfCr 

High? 

Unshielded  plate 

192* 

cJ,or<d) 

High? 

Unshielded  plate 

1955 

cJ,or(u) 

0.0007 

Tunnel  floor 

Table  I.  continued 


Blunt  feeding  edge 
Pine 


Non* 


Various 

Distributed  roughness 

h 

Blunt  {leading  edge;  vlrs 


Blunt  fading  edge 
Nona 


Mont 


Probe 

Dimensions 


0.25  »  high 
0.3  m  dla. 
Pt.-lr.  hot  vira 
0.7  x  1.9  an 


0.6  wm  high 


O.35  as  high 


0.35  ■&  high; 
platinum  hot  vlra 


0.25  no  high 


1  an  dim. 
Platinum  hot  vlra 
0.25  >■»  high 


Sourea  of  Data 


Pig.  1;  private  ccrr 
Pig.  17 
Tab  las  i-m 
Pig.  10 


0.8  tm  dla.  Tigs.  23,  2U 

Platinum  hot  vlra  — - 


Plg«.  5,7,8,12-15 

Pig.  3 

Tab  la  3;  Figs.  12,1 
Tab las  2,3 


None; 

Landing  adga  stap 

•  * 

0.05,  0.1  an  high 

Tables 

Intrln 

! 

tl,o  roughness 

0.2  no  high 

Tables 

Blunt 

•  * 

.ending  adga 

i 

a 

4 

R 

o\ 

. 

o 

•a 

St 

a 

ro 

Nona 

*  i 

,  r 

•  * 

O.U  no  die. 

Pig.  k 

>  • 

B 

J 

1  1 

4* 

w  IV 


continued 
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Owiot 

JTQOV 

Dimensions 

Nuribtr 
of  Profiles 

Source  of  Data  Studied 

Other  Data 
of  Interest 

lac  *dge;  wire 

0.2^  ■»  high 

Pig.  1;  private  coca. 

11 

---- 

lac  edge 

0.3  m  die. 

PIC*  17 

13 

Roughness 

Pt.-ir.  hart  virt 

Tablet  X-VXX 

19 

.... 

0.7  x  1.9  am 

Fig.  10 

6 

Heat  transfer; 
structure  of 
turbulence 

tnc  tdct 

0.8  wm  dlt. 

Pigs.  23,  24 

— 

Heat  transfer 

• 

Platinum  hot  virt 

test 

mm 

Oscillating  free 

stream 

0.6  wm  high  • 

.... 

•• 

Mass  transfer 
(distributed  suction, 
air) 

0*39  high 

ri«..  5,7,8,12-15 

51 

Spectrum  of 
u-fluctuatione 

4  roughness 

0.39  ■»  high; 
platinum  hot  virt 

FlC.  3 

1 

Stiucture  of 
turbulence 

lac  tdgt;  virt 

0.29  max  high 

Table  3;  Figs.  12,17 

9 

Intensity  of 
u-fluctuations 

lac  adge 

1  mi  dla. 

Tables  2#3 

10 

Preston  tube 

Platinum  hot  virt 

---- 

— 

Heat  transfer 

0.29  mm  high 

•••• 

• 

Mass  transfer 
(distributed  suction, 
air) 

lac  tdgt  tttp 

0.09#  0.1  mm  high 

Tables  1,  3#  Plates  2,4 

19 

Pressure  gradient 

roughness 

0.2  nxa  high 

Tables  Z,  II 

18 

Mass  transfer 
(distributed  bloving, 
air) 

Jag  tdgt 

0.9  am  dla. 

Pig.  2 

3 

Heat  transfer 

0.4  at  dla. 

Fig.  4 

1 

Transition;  intensity 
of  u- fluctuations 

Table  I 


Au»oor 

Pate 

Tunnel 

Configuration* 

Preston  and  Sweeting 

19H 

cJ,or<d) 

Preston 

195* 

cJ,or<d) 

Reynolds 

• 

1997 

oJ,cr 

Seesa 

195k 

cJ,or<d) 

Sehubauer  and  Klebanoff 

1995 

cj,cr 

Schulte -Qrunov 

i9k> 

cJ,o*<u) 

Saith  and  Valkor 

1956 

cj,cr 

Sogin  and  Ooldatoin 

i960 

cJ#or(u) 

bfOngos 

1956 

cj,cr 

Sugavar*  ot  al. 

1993 

cJ,or<T) 

Tlllnann 

19*5 

cJ,or(u) 

Tovnsend 

1991 

cj,cr 

Tulin  and  Vrlght 

19*9 

cj,cr 

Wieghar&t 

m 

19*3 

cJ,or(u) 

• 

Vieghardfc 

19U 

eJ#or(u) 

t 

ViUearth 

1959 

cj,cr 

Strew 

Turtulence 


Level4 

Model 

T 

High  7 

Tunnel  floor 

Hone 

Moderate 7 

Tunnel  vail 

Hone 

0.029 

Partially  shielded  plate 

Blun 

surf 

Moderate 7 

Tunnel  oeiling 

Rone 

0.0003 

Pull-span  plate 

Rdne 

Moderate? 

Full-span  plate 

Blunt 

0.0002 

Shielded  plate 

Blun4 
air  . 

0.012 

Full-span  plate 

Wire 

0.010 

Tunnel  floor 

Dletr 

Variable 

Full-span  plate 

Blunt 

0.0029 

Full-span  plate 

Blunt 

0.0006 

Tunnel  floor 

ledge 

High? 

Tunnel  vail 

Rone 

0.0029 

Full-span  plate 

Blunt 

\ 

High 

Full-span  plate 

Blunt 

Lovf 

Pips  vail* 

Air  : 

less  than  0.001 


•OJ 

Cj 

or 

or 

« 


open  Jot 
closed  Jot 
opon  rot urn 
oloood  rot  urn 
tm  upotrooa 
tm  dovnot 


A 


+U» 
Moderate 
High  - 


0.001  to  0.00? 
than  0.009 


4 


Stx  m 
irbu  ?nce 


Lav 

L*  • 

Model 

Lgh? 

Tunnel  floor 

>der 

e? 

Tunnel  vail 

.025 

Partially  shielded  plate 

>der 

e? 

Tunnel  celling 

000 

Pull-span  plate 

4ax 

e? 

Pull -span  plate 

000 

Shielded  plate 

012 

Pull-span  plate 

010 

Tunnel  floor 

rU 

e 

Full-span  plate 

302 

Full-epaa  plate 

300 

Tunnel  floor 

5b? 

Tunnel  vail 

302' 

Pull-span  plate 

Jb 

Pull -span  plate 

r? 

Pipe  vail’ 

um  .001 
oo:  to  0.00? 
>taoi  0.005 


i 
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l! 


Blunt 


Devloe 


inf  edge; 


edge; 


Hone 

Bine 

Blunt  luting  edge 

Blunt  leifing 
air  Jeta 

Wire 


Distributed  rougtanesa 
Blunt  ladling  edge 
Blunt  1  anting  edge;  ledge 


Ledge 
Rone 

““IT 


Air  Jeta 


!'i 


i 


Probe 

Dinenalona 

1  on  die. 

0.15  bb  high 
0.5  an  die. 

0.1  mi  high 

0.35  m  high? 
1  mn  die.? 

0.2  x  2  an 


0.26  abb  high 

Platinum  hot  wire 

Hot  vlre 

1  m  die.  (rake) 

1  ma  die. 

1.2  am  die. 

1  m  die.  (rake) 

1  m  die.  (rake) 

0.l6  no  high 


Source  of  I 

Pig.  2 
Pig.  7 
Table  I 

Pi«.  5 

Pig.  3 
Pigs.  11,  1 

Tables  I -II 

Fig*  2 

Pigs.  7,  ID 

i 

Private  cam 

I 

Pig.'  2 
Pig.  2 

I 

Private  conn 

Private  com 

Private  com 

t 

#• 

i 

: 

1 


id 
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Runbmr 


m 

Probe 

Dimensions 

Sourem  of  Dmtm 

of  Profiles 
Studimd 

Other  Data 
of  Zntmrmmt 

1  OB  dim. 

Fig.  2 

3 

0.15  mm  high 

Fig.  7 

mm 

Preston  tube 

e; 

0.5  *  dim. 

Tmblm  I 

6 

Hmmt  transfer 
(variable  vmll 
temperature) 

0.1  am  high 

Fig.  5 

mm 

Beat  transfer; 
film  cooling 

0.35  mm  high? 

Fig.  3 

2 

Mechanics  of  transition 

• 

1  an  dim.? 

Figs.  11,  12 

7 

P 

1  Floating  mlensnt 

•; 

0.2  x  2  Hi 

Tahlma  Z-ZZZ 

70 

Floating  mlanant; 

Preston  tube 

0.28  am  high 

Fig*  2 

3 

Mass  transfer 

(sublimation, 

napthalenm) 

MM 

Platinum  hot  virm 

Figs.  7,  10' 

12 

Hmmt  transfer, 

Reynolds  stress 

1 

Hot  virm 

— — 

— 

Hast  transfer;  intensity 
of  u-fluetuations 

»;  ledge 

1  am  dim.  (rmkm) 

Prirmtm  comm. 

20 

Roughness; 
pressure  gradient 

1  hi  dim. 

Fig.*  2 

3 

Structure  of  turbulence 

1.2  on  dim. 

Fig.  2 

mm 

Shock-ears  interaction 

i 

1  am  dim.  (rmkm) 

Prirmtm  ooom. 

t 

43 

Roughness;  pressure 
gradient 

i 

1  hi  dim.  (rmkm) 

» 

Privmtm  cows. 

14 

Intensity  of 
u-fluetuations 

0.16  am  high 

Prirmtm  eoorn. 

<  • 

•  * 

7 

Tiam-spamm  eorrelmtions 
(pressure)  , 

•’V 

, 
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conditions*  Tbs  highly  competent  measurements  by  Ludwleg  and  Tillasnn 
(19^9)  art  not  specifically  included  because  they  are  in  sons  respects  a 
duplication  of  earlier  vork  by  VUghardt  (19^3,  19^a)  end  by  Tillasnn 
{ 19^5)  •  Tbs  tvo  related  series  of  experiaonts  by  Albertson  (19*6)  end  by 
Cemak  and  Lin  (1995)  ere  omitted  because  tbs  tungsten  hot  vires  vhicb  were 
used  vers  apparsntly  subject  to  large  and  erratic  changes  in  calibration*, 
end  Z  hare  not  even  been  able  to  study  the  influence  of  the  unorthodox 
tripping  device  vhich  vas  employed  in  these  experiments.  A  paper  by  Zynina- 
Molozhen  (1956)  is  not  included  in  the  survey  because  no  copy  is  available 
to  ds.  A  turbulent  boundary-layer  paper  by  lfikuradse  (19*2)  is  not  included 
because  I  think  that  this  paper  should  not  be  taken  seriously,  for  reasons 
vhich  vill  be  apparent  to  anyone  vho  consults  the  original.  And  ro  on. 

imxOD  or  AMAUBIS 

It  is  no  secret  that  most  yritsrs  on  the  problem  of  the  turbulent 
boundary  layer  tend  to  take  an  intensely  personal  view  of  their  subject. 

X  should  therefore  state  at  the  outset  that  I  am  definitely  prejudiced  in 
favor  of  the  similarity  levs  known  as  the  law  of  the  vail  and  the  law  of  the 
vake  (or  the  defect  lav),  primarily  because  I  feel  that  to  abandon  theoe 
concepts  is  to  revert  to  the  most  primitive  kind  of  empiricism  in  any  de¬ 
scription  of  turbulent  boundary-layer  flow.  In  particular,  these  similarity 
lavs  are  useful  as  a  more  rational  criterion  than  that  of  simple  majority 
rule  in  the  classification  of  the  nearly  five  hundred  profiles  represented 
by  the  table,  iiy  first  step  in  this  process  of  classification  has  there¬ 
fore  been  to  recover  the  original  mean -velocity  distributions  in  the  form 

Similar  difficulties  vlth  tungsten  vires  are  mentioned  by  Kline  at  al. 
(19^0). 


4 
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u(y),  removing  where  possible  any  corrections  for  probe  displaceramt  effect*. 
Hy  next  step  has  been  to  detemine  a  parameter  for  each  mean- velocity 
distribution  ly  fit  tine  the  central  part  of  the  profile  to  a  logarithmic 
formula  of  the  fom 


u 


c 


(A-l) 


When  this  fitting  operation  is  carried  out  for  a  typical  profile,  as 
shown  in  the  adjacent  cketch,  the  data  near  the  free  stream  are  found  to 
deviate  noticeably  from  the  logarithmic  formula*  The  maximum  deviation  will 
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be  denoted  by  ^u/CL  and  vill  also  be  referred  to  a 8  the  strength  of  the 
wake  coaponont  for  the  boundary-layer  flov.  The  accuracy  vlth  which  this 
quantity  can  be  determined  Is  probably  no  better  than  five  or  ten  per  cent, 
given  a  typical  uncertainty  of  perl*aps  0.01  in  u/u^ •  Within  this  limita¬ 
tion  the  parameter  A  Vu*  fbund  to  be  diet  inguished  by  an  almost  exqui¬ 
site  sensitivity  to  the  history  and  environment  of  a  particular  flow,  and 
this  property  in  turn  makes  possible  not  only  a  precise  classification  of 
boundary-layer  flows,  but  a  refinement  and  rationalization  of  the  similar¬ 
ity  lava  which  are  implicit  in  the  fitting  operation  itself.  For  the  mo¬ 
ment,  however,  ay  objective  le  to  compare  various  profiles  one  with  another, 

and  for  this  purpose  no  significance  need  be  attached  to  the  parameter  \x^ 

% 

or  to  the  values  of  the  numerical  constants  *  (eventually  taken  as  0.41) 
and  c  (eventually  taken  as  5.0)  in  the  logarithmic  formula.  In  particular, 
another  choice  for  these  constants  would  not  noticeably  affect  the  outcome, 
at  least  as  far  as  the  process  of  classification  la  concerned. 

TH»  BQUILIBRIUM  BOUNDARY  UUP 

One  ianediate  result  of  the  present  survey  is  the  tentative  Identifi¬ 
cation  of  a  normal  (equilibrium,  ideal,  fully -developed,  asymptotic)  state 
for  the  turbulent  boundary  layer  at  constant  pressure.  For  the  experiments 
which  I  believe  to  represent  this  state,  the  quantity  <bI/uT  is  plotted 
against  Rg  in  Fig.  10.  Zt  gets  without  a  eying  that #there  should  exist  a 
well  defined  relationship  between  the  two  quantities.  However,  it  is  per¬ 
haps  surprising  to  find  that  /ti/u,  decreases,  end  hence  that  the  traditional 
momentum-defect  lav  folia,  for  values  of  Rg  less  than  about  6000.  In  fact, 
the  vake  component  stems  to  have  disappeared  entirely  —  and  rather  abrupt- 
ly  —  by  the  time  Rg  has  reached  a  value  in  the  neighborhood  of  about  500. 


The  validity  of  thlc  conclusion  depends  or.  the  validity  of  tbs  logarith¬ 
mic  formula,  in  which  it  is  commonly  understood  that  the  parameter  uT  can  be 

identified  with  V^y/P*  Inasmuch  as  t  was  not  measured  in  any  of  the  ex- 

•  •  *2 

pcrinents  classified  as  normal  in  Fig.  10,  the  equivalence  of  tv  and  o  uT 
can  only  be  tested  indirectly,  in  terms  of  the  approximate  equivalence  of 
and  o  uj  do/dx  for  flow  at  constant  pressure.  For  the  data  of  Fig.  10, 
therefore,  the  ratio  of  dd/dx  to  u^/u^  has  been  plotted  against  Rg  in  Fig* 
11*  In  this  and  later  figures  only  tne  general  level  of  the  various  curves 
in  significant,  since  not  only  have  effects  of  pressure  gradients  and  three- 
dimensionality  in  ♦he  mean  flaw  been  ignored,  but  no  account  has  been  taken 
of  the  deleterious  effects  of  turbulence,  probe  interference,  and  other  fac¬ 
tors  in  the  determination  of  and  0.  There  is  also  a  large  inherent  un¬ 
certainty  in  the  calculation  of  dfi/d x  by  graphical  differentiation.  The 
real  issue  in  Fig.  11,  triers  fore,  is  not  the  validity  of  the  relationship 
t  «  p  \L2  over  the  whole  range  of  Reynolds  numbers  involved,  but  rather  the 

V  *  • 

classification  of  the  flows  in  question  as  normal.  To  emphasise  this  point, 

I  want  next  to  consider  some  flows  which  cannot  be  so  classified. 

mscimwious  akoj«hies 

Some  measurements  are  collected  in  Fig.  12  to  show  that  good  intentions 
on  the  part  of  the  experimenter  are  not  always  sufficient  to  guarantee  a 
normal  state  for  a  turbulent  boundary  layer.  The  classification  of  these 
particular  flews  as  anomalous  is  sometimes  only  a  matter  of  degree,  although 
&  check  of  the  momentum-integral  equation  for  these  data,  as  shown  in 
Fig.  13,  is  frequently  highly  unsatisfactory. 

In  attempting  to  account  for  the  observed  anomalies,  I  think  it  is  a 
significant  point  of  technique  tiiat  practically  all  of  the  data  which  I 
have  called  normal  in  Fig.  10  were  obtained  in  closed  wind  tunnels  on  plates 
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having  blunt  leading  edges  fitted  in  eoae  coses  with  a  tripping  device  of 
quite  aodeit  dimensions*  *The  one  exception  to  this  rule  ie  the  experiment 
of  Nickley  and  Davie  (1957),  in  vhich  the  original  boundary  layer  vas  re* 
waved  by  auction  through  a  forward  compartment  of  the  smooth  screen  fowl¬ 
ing  the  vorklng  surface*  On  the  other  hand,  much  of  the  data  vhich  X  have 
called  anomalous  in  Fig*  12  vas  obtained  in  open-jet  tunnels  using  models 
not  equipped  with  adequate  side  plates*  Examples  ore  the  measurements  by 
Hansen  (1926),  Reynolds  (1957)*  end  Ecrrov  (1956).  Thus  X  feel  cure  tint 
many  of  the  dlscrepanioe  encountered  in  the  latter  experiments  can  definite¬ 
ly  bo  blamed  on  three-dimensionality  in  the  mean  flow.  That  not  oven  the 
direction  of  the  departure  fron  the  noruel  state  can  be  safely  predicted 
In  advance  is  clear  on  comparing  t  ie  data  obtained  by  Hansen  (1926)  by 
Ellas  (1929)  in  vhat  is  presumably  the  sane  free- jet  tunnel  at  Aachen.  Ine 
experience  of  Kurau  (19*7*  ***  fir*  10)  shove  that  adequate  shielding  of  a 
model  by  side  plates  or  by  a  complete  enclosure  can  overcome  those  diffi¬ 
culties.  However,  it  does  r.ot  follow,  in  viev  of  the  experience  for  exam¬ 
ple  of  «t  al.  (1952)  and  Johnson  (1955)#  that  a  closed  channel 

automatically  insures  a  satisfactory  flov. 

The  work  of  Schultz -Crunov  (l‘>*0)  ie  a  major  landmark  in  the  experi¬ 
mental  literature  of  turbulent  boundary  layers,  and  deserves  special  consid¬ 
eration*  I  nave  presented  these  data  here  ratner  than  ir.  Fig.  10  because 
of  a  slight  but  consistent  difference*  in  the  magnitude  of  the  wake  compo¬ 
nent  for  Schultz -Orunov'r.  oeasure.’cnts  at  19.*  meters  per  second  as  compared 
to  later  r.^asarunentB  by  Vieghardt  (19*3)  at  17. -  and  33*0  ueterc  per  uoc- 
ond  in  the  sar/u  tunnel*  The  discrepancies  Involved  are  ent  irely  trivial 
by  any  ordinal*;  standard,  amounting  tc  perhaps  one  per  cent  in  the 
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velocity  In  the  vicinity  of  the  point  y  -  6  or  to  perhaps  tvo  per  cent  in 
the  local  friction  coefficient.  Vben  Z  consulted  Professor  Uioghardt  about 

this  difference,  he  called  ny  attention  to  his  account  (19^7)  of  coats 

* 

changes  which  were  lo&de  in  the  Gottingen  tunnel  after  Gchultz-Grunov* s  ex¬ 
periments  had  been  convicted.  These  changes  were  intended  to  reduce  the 
residual  turbulence  and  larce -scale  rotation  in  the  calming  section  between 
the  fan  end  the  test  section  of  the  tunnel.  A  second  honeycomb  and  tvo 
screens  were  added,  end  the  length  of  the  calming  section  was  Increased  by 
four  meters.  Thus  the  test-section  conditions  in  the  later  experiments 
should  have  been  appreciably  closer  to  the  ideal  of  an  undisturbed  free 
stream.  In  particular,  since  the  tuzbulenco  level  was  definitely  reduoed 
(to  0.0025)  by  these  changes,  X  believe  that  the  difference  between  the 
tvo  sots  of  data  is  probably  associated  with  weak  large-scale  vortlcity 
which  caused  the  flow  studied  by  Schultz -Grunow  to  bo  slightly  three- 
dimensional. 

One  or  tvo  cocmnts  should  also  be  nods  about  the  experiments  by 
van  der  Heggc  Zijnen  (l)2l),  as  those  experiments  have  never  been  adequately 
reviewed  in  t.»c  light  of  contemporary  experimental  practice.  Not  only 
wre  these  r.eusjxoracnts  the  first  Import sr.t  contribution  tc  the  experimen¬ 
tal  boundary-layer  literature,  but  they  involved  a  use  of  the  then  new 
tecrxuquc  of  not -wire  anenooetry  in  a  way  which  was  years  uhoud  of  its 
time.  On  tne  oth or  hand,  there  wore  a  n.cher  of  serious  defect  j  in  the 
.nanegei  tent  of  tne  experiments.  First,  the  plate  j.todel  did  not  completely 
spar,  the  t unite i,  sc  that  tne  tec*  configurutlOi.  .uui  all  the  disadvantages 
of  t orxn  Jet  ar.d  sJLr.altaneourly  tjad  the  dls-va vantage  of  an  appreciable 
..CGs-tive  pressure  gradient  cexoud  by  •ravt..  of  che  boundary  layers  on  the 
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test -oect ion  veils.  Second,  it  wee  tne  :Tec-etrean  velocity  at  each  parti¬ 
cular  station,  rather  than  the  velocity  at  some  standard  reference  station, 

which  van  always  adjusted  to  a  pre -determined  value.  Third,  the  model  was 
occasionally  moved  upstream  or  downstream  in  an  un systematic  way  as  various 
stations  were  surveyed,  and  this  in  a  flow  having  a  relatively  high  level 
of  decaying  turbulence  because  of  the  presence  of  a  honeycomb  at  the  tunnel 
entrance  not  far  upstream  of  the  model,  fortunately,  it  will  be  seen  that 
these  factors  do  not  altogether  depreciate  the  value  of  van  der  Hegge  ZIJncn's 
measurements. 

PHEE-STKEAM  TURBUUECB  XML 

Effects  of  external  turbulence  level  have  so  far  not  been  considered, 
although  largo  values  are  associated  with  some  of  the  anomalous  data  in 
Pig.  12  (van  dsr  llegge  Zijnen  192k,  Michel  1950,  Spengos  195 6,  Reynolds 
1957,  Sogin  and  Ooldstsin  19u0) .  To  investigate  this  point,  data  for  a 
few  additional  cases  in  which  the  turbulence  level  was  deliberately  raised 
in  order  to  study  any  effects  on  the  flow  in  the  boundary  layer  are  col¬ 
lected  in  Pigs.  14  and  15.  Z  have  tried  to  indicate  by  the  size  of  the 
syifeole  the  measured  or  estimated  intensity  of  free -stream  turbulence  for 
each  profile,  the  necessary  estimates  being  based  on  empirical  formulas 
for  the  decay  of  turbulence  behind  grids.  Except  possibly  at  very  low' 
Reynolds  numbers,  the  effect  of  increased  stream  turbulence  Is  to  decrease 
the  strength  of  the  wake  component  and  thus  to  increase  the  local  friction 
coefficient  at  a  fixed  Reynolds  niafcer.  Roughly  speaking,  the  quantity 
A  u/uT  can  be  expected  to  decrease  to  about  half  of  its  normal  value  for 
en  external  turbulence  level  of  0.018,  and  to  decrease  to  zero  for  a  tur¬ 
bulence  level  of  0.045*  The  amount  of  the  decrease  may  also  depend  on 


Reynold*  number  and  on  tno  scale  of  the  turbulence,  although  the  data  are 

far  from, allowing  either  effect  to  be  determined  quantitatively.  In  any 
•• 

case,  the  typical  very  slov  approach  to  the  normal  stats  as  the  external 
turbulence  decays  is  veil  illustrated  in  the  measurements  by  Vleghardt 
(19^a). 

TBIPPDIO  BBVKI8;  THE  APPROACH  TO  ISUILPRIUM 

Several  experimental  studies  have  recently  been  aade  of  turbulent 
boundary  layers  vhicto  vers  artificially  thickened  by  various  naans.  In 
principle,  it  is  not  difficult  to  increase  the  aouentun  defect  in  a  boundary 
layer  by  injecting  fluid  of  lev  velocity  at  the  boundary  or  by  asking  use 
of  the  drag  lncreiatni  from  laoiated  or  distributed  roughness  elanents.  All 
of  theso  devices  vlll  also  tend  to  pronote  transition,  and  nay  sonatinas 
be  used  primarily  for  this  reason.  In  practice,  however,  it  seems  that 
such  techniques  must  be  handled  vith  care,  inasmuch  as  a  turbulent  boundary 
layer  may  recover  very  slowly  from  the  effects  of  certain  kinds  of  distur¬ 
bances.  This  conclusion  is  based  on  the  evidence  of  Tig.  1 6  and  17#  which 
show  the  behavior  of  the  wake  component  and  the  aomantua  balance  respective¬ 
ly  for  a  number  of  such  artificially  thickenad  boundary  layers.  These 
data  are  quite  instructive,  end  will  therefore  be  discussed  at  worn  length. 

Consider  first  the  ease  of  a  boundary  layer  artificially  thickened 
by  distributed  roughness  near  the  leading  edge.  It  a  flow  at  oonstast 
pressure  is  characterized  by  a  defect  law  which  is  insensitive  to  roughness, 
then  the  quantity  du/uv  should  increase  sharply  ( inversely  ae  the  square 
root  of  the  local  friction  coefficient,  if  du  regains  fixed)  1— filet  sly 
on  passing  from  a  rough  to  a  smooth  surface.  Xt  follows  that  the  large 
eddies,  whose  energy  it  proportional  on  the  average  to  the  strength  of  the 
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vak«  component,  vlll  have  too  much  energy  compared  to  a  noxml  flair  at  the 
same  Reynolds  nuriber.  This  surplus  energy  vlll  presumably  have  to  bo  dis¬ 
posed  of  by  the  relatively  slow  process  of  transfer  to  progressively  mailer 

i 

eddies  followed  finally  by  dissipation  as  heat.  At  tbs  seas  ties,  the  bound¬ 
ary  layer  ean  be  expected  to  adjust  Itself  In  such  a  way  as  to  reduce  ’-be 
local  rate  of  transfer  of  energy  from  the  man  flow  to  the  tuxbulenee. 

But  the  local  rate  of  energy  transfer  to  the  large  eddies  is  Itself  measured 
by  the  part  of  the  product  -u*v,>u/  y  having  the  boundary-layer  thickness 
as  characteristic  length,  and  thus  again  by  the  strength  of  the  vake  com¬ 
ponent*  It  follows  that  there  may  bo  a  tendency  for  the  quantity  A  u/uT 
to  decrease  temporarily  below  its  norsaal  value  pending  the  transfer  of  any 
excess  energy  to  a  sufficiently  remote  part  of  the  spectrum*  Similar  but 
more  emphatic  statements  should  apply  for  a  flow  vhlch  is  completely  separ¬ 
ated  at  a  trip  vire  or  spoiler  and  vhlch  then  becomes  reattached  at  coos 
point  farther  downstream. 

These  observations  account  at  least  qualitatively  for  the  behavior  of 
# 

the  flows  depicted  in  Fig.  16,  and  especially  for  the  fact  that  the  strength 
of  the  vake  component  sometimes  drops  below  the  normal  or  equilibrium  value 

i 

following  a 'strong  disturbance.  In  the  case  of  the  experiments  by  Klebanoff 
and  Diehl  (1951)  vith  screen  or  sand  roughness  at  lov  free -stream  veloci¬ 
ties,  the  recovery  is  apparently  complete  by  the  time  the  end  of  the  plate 
is  reached,  and  the  momentum  balance  Is  also  normal.  It  can  safely  be  as¬ 
sumed,  therefore,  that  the  later  measurements  by  Klebanoff  ( 195*0  of  the 
structure  of  turbulence  are  representative  of  a  turbulent  boundary-layer 
flow  In  equilibrium.  A  similar  statement  can  be  made  for  Villmarth’s  ob¬ 
servations  (1959)  of  wall  pretisire  fluctuations,  to  be  taJwn  up  In  Fig.  10. 
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The  situation  for  the  measurements  of  Fsvre  et  el*  (1955)  to  only  sllchtly 
loos  satisfactory.  However ,  the  measurements  of  structure  by  Town  send 
(1951)  were  node  downstream  of  a  single  relatively  large  spoiler.  Those 
data,  although  they  probably  correspond  to  a  later  stage  of  recovery  than 
(say)  the  data  of  Klobanoff  and  Diehl  vith  tl«e  l/k-inck  diameter  rod  or 
the  data  of  Tillmnnn  (19U5)  vith  the  ledge,  are  therefore  likely  to  be 
representative  of  a  flow  vith  an  abnormal  distribution  of  turbulent  energy. 

It  should  be  noted  in  Fig.  16  that  the  data  of  Klebanoff  and  Diehl 
for  the  0.0^0 -Inch  diameter  rod  at  a  free- stream  velocity  of  106  feet  per 
second  do  not  appear  to  be  approaching  the  normal  state  far  downstream, 
in  spite  of  the  fact  that  the  wake  of  the  thickening  devioe  has  almost  cer¬ 
tainly  been  absorbed.  This  anomalous  beliavlor  seems  to  be  typical  of  the 
UBS  data  at  the  higher  tunnel  speed,  aa  the  flow  with  natural  transition 
at  106  feet  per  second  is  also  anomalous  (cf.  Fig.  12),  while  the  flow  vith 
natural  transition  at  50  feet  per  second  as  reported  by  Schubauer  and  IQe- 
banofi*  (1955)  is  nearly  normal  (but  of.  Fig.  12).  It  Is  possible  that  the 
anomalies  in  question  are  caused  by  slight  distortions  of  the  flat-plate 
model  by  aerodynamic  loads  at  the  highest  tunnel  speeds,  although  this  re¬ 
mark  is  pure  speculation.  In  any  case,  similar  anomalies  vhieh  might  be 
present  in  the  data  for  the  l/U-inch  diameter  rod  or  for  the  sand  roughness 
at  103  feet  per  second  In  Fig.  lo  are  necessarily  masked  by  direct  effects 
of  the  thickening  device. 

FLOW  AT  LARGE  REYNOLDS  NUMBBRS 

The  data  so  far  considered  extend  only  to  values  of  K-  in  the  neigh¬ 
borhood  of  15,000.  Vhen  measurements  at  higher  Reynolds  numbers  arc  treated 
in  the  same  way,  ac  shown  in  Fir,.  13,  they  are  found  to  disagree  both  vith 
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each  other  and,  except  for  Vlll-aarth*  s  data  (1959),  vith  experiments  at 
lover  values  of  &£•  In  particular,  if  the  elegant  and  elaborate  measure* 
raents  by  Smith  and  Walker  (195C)  are  accepted  as  definitive,  the  concept 
of  a  defect  lav  must  be  called  into  question. 

I  think  it  may  be  significant  that  a  snail  but  definite  reduction  in 
scatter  in  the  values  of  tH/l  for  the  data  of  Smith  and  Walker  can  be 

T 

achieved  by  plotting  these  values  against  Reynolds  number  per  unit  length, 
as  shown  in  Pifi.  1?,  rather  than  against  Rg  directly.  In  otlicr  words,  the 
strength  of  the  vai'.e  component  for  these  experiments  seems  to  >>e  constant 
alone  the  model  for  a  fixed  tunnel  condition,  implying  a  defect  Lav  whore 
parameters  depend  on  tun.tcl  conditions  rather  than  on  distance  i'rov.  the 
leading  edge  of  the  model.  This  observation  in  turn  suggests  that  soue 
factor  such  as  external  turbulence  level,  probe  interference,  or  three- 
dimensionality  may  be  affecting  these  data.  Stream  turbulence  can  probably 
be  eliminated  on  the  ground  that  measurements  by  Boltz  et  al.  (i960)  in 
the  same  tunnel  show  values  much  too  low  to  account  for  the  observed  effects. 
Three-dimensionality  is  a  possible  but  somewhat  improbable  source  of  diffi¬ 
culty,  inasmuch  as  the  momentum  balance  shown  in  Fig.  20  is  satisfactory. 

By  contrast,  the  data  of  Allan  and  Cutland  (1953)  in  Fig.  16  refer  to  a 
towed  model  with  a  free  edge.  Three-dimensional  effects  were  definitely 
present  near  this  edge,  and  were  investigated  in  some  detail.  The  data  of 
VlUmarth  (1959)#  finally,  are  presumably  free  of  three-dimensional  effects, 
in  view  of  the  circular  symmetry  of  his  channel,  although  there  may  be  some 
influence  of  the  slight  negative  pressure  gradient. 

Smith  and  Walker,  having  made  direct  measurements  of  for  most  of 
their  mean-velocity  profiles,  adopted  the  view  that  the  lav  of  the  wall  in 
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could  be  taken  to  be  independently  defined  by  their  date.  Fig.  21  shove 

a  typical  profile  at  5  »  26,600  in  the  coordinates  of  lq.  (A -2),  vith 

•  « 

the  directly  measured  value  corrected  for  cap  effect*  The  solid  line 

* 

in  The  figure  Is  5q.  (A-l)  vith  <  ■  O.fcl  and  c  *  $.0,  as  determined  by  a 
concensus  of  other  measurements;  it  is  a  fit  to  this  line  vhlch  defines 
u .  As  snovn  by  Fie*  22,  which  also  Includes  measurements  by  Schults- 
Orunow  (19I0)  and  Kievan  (1951)#  the  retie  x ^/o  u *  Is  roughly  0.96  for  the 
data  of  Snith  and  Valker  over  the  whole  ra .vc  of  Reynolds  numbers .  The 
data  in  question  therefore  support  the  low  of  the  vail  in  principle*  Un¬ 
fortunately,  any  reasonable  revision  of  the  constants  <  end  c  in  going  from 
Fq.  (A-l)  to  Bo.  (A-2)  in  order  to  produce  agreement  in  Fig.  21  will  not 


remove  the  difficulties  in  Fig.  Id.  On  the  other  hand,  the  variations  ln 
the  strength  of  the  wake  component  for  Smith  and  Walker's  data  in  Fig*  18 
can  be  reduced  by  about  half  If  the  solid  line  in  Fig.  21  and  the  measured 
value  of  ?  are  both  accepted  as  correct,  but  u  or  y  is  assumed  to  be  in 
error  because  of  probe  Interference  ( say;  cf  •  the  similar  but  more  serious 
difficulties  reported  by  Matting  at  al.  (i960)  at  high  supersonic  speeds). 


*!ty  own  experience  with  the  floating -element  technique  has  convinced 
me  that  some  account  should  be  taken  of  the  finite  drag  of  the  gap  around 
the  element.  Because  of  synmmtry,  half  of  this  drag  should  act  on  the  ele¬ 
ment  and  half  on  the  surrounding  surface.  The  gap  drag  is  unlikely  to  be 
less  than  the  drag  on  an  equal  area  of  unbroken  surface,  and  can  reasonably 
be  estimated  at  twice  this  value.  I  have  therefore  recomputed  Xy  as 
(measured  force) /(element  area  ♦  gap  area)  for  all  of  the  float ing -element 
data  considered  in  this  paper,  including  my  own.  The  correction  in  the 
case  of  the  measurements  by  Smith  and  Valker,  by  8ehult z Brunov ,  and  by 
Dhawan  is  one  per  cent,  two  per  cent,  and  fifteen  per  cent  respectively. 
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jiovever,  it  is  then  ntcoasory  to  explain  why  similar  offsets  of  probe  inter¬ 
ference  art  not  present  in  Villaarth's  data,  sines  the  tripping  devices, 
probe  dimensions,  >inoh  numbers,  and  unit  Reynolds  numbers  vere  quite  simi¬ 
lar  in  tbe  two  experiments.  Z  am  willing  to  leave  this  question  open,  not¬ 
ing  only  that  it  seems  to  be  necessary  to  choose  between  two  alternatives; 
either  (1)  some  of  the  experimental  data  at  large  Reynolds  numbers  must  be 
rejected,  on  grounds  which  are  obscure  at  best;  or  (2)  the  similarity  lews 
for  the  mean  velocity  profile,  particularly  the  defect  lew,  are  not  valid 
at  the  high  level  of  precision  attempted  in  this  survey. 


TH»  LOCAL  FRICTION  W 

Starting  with  the  local  friction  coefficient  Cf(Rg)  given  by  the 
formula 
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a  more  convenient  expression  for  C^(  Rg)  can  be  obtained  with  the  aid  of 
the  definition 
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The  functions  f(yuf/v)  and  w (y/S)  in  Eq.  (A-j)  nave  been  tabulated  else¬ 
where  (for  f  see  Jo  It  a  but  note  that  i  is  now  reduced  by  two  per  cent, 


oo  :.aot  the  co  i  itants  <  and  c  are  to  be  taker,  or  0.4l  anti  >.0  respectively  ; 


!ly#jioct  important  reason  for  tnis  revision  sail  oc  documented  with 
the  aid  of  FLj.  3  of  tic  present  paper,  ’.’•iatever  the  jotivaiioo  for  choosing 
the  particular  coordinates  in  this  figure ,  the  fact  remains  that  these 
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for  v  uoe  Coles  19 56) .  Tiie  parameter  ?  lo  given  as  an  empirical  function 

of  by  Fig.  10  of  the  present  paper;  it  ii^creosus  fron  aero  ot  about 

Kj  J  500  to  an  asymptotic  value  o.  0.55  ( bu/^  ■  2?  /<  «  2.70)  for  Sg  >  6000. 

Figs.  4,  8,  and  23  and  the  adjacent  Table  ZX  shew  the  local  friction 

lav  and  relatod  quantities  as  coi^putcd  fro.:.  Eqs.  (A-3)-(A-5).  For  Rg  >  20,000 

m  •  • 

the  relationship  between  0  and  l  unci  betvocn  ■*.  and  6  can  be  obtained  directly 


from  the  aeyaptotic  foraulae 
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Vuich  nejlcct  the  effect  of  viscosity  in  the  sublayer,  in  the  sense  that 
f(yuT/v)  in  Iq.  (.;-5)  is  replaced  by  (l/*)  la  l  ut/v  ♦  c  ♦  (l/«)  In  y/C. 

In  the  range  >  10,000  the  data  in  Fig.  16  indicate  a  slight  decrease  is. 
the  parameter  H,  but  the  evidence  is  not  really  conclusive.  I  also  havs. 


some  reservations  about  the  local  friction  lav  in  the  range  <  6000.  The 


behavior  of  the  boundary-layer  flow  in  this  region  is  reminiscent  of  tne 


coordinates  lead  to  a  satisfactory  a of  the  float ing -element  .neac- 
urenento  in  supersonic  flow,  vitb  vejf^tle  re g» dual  effect  of  Fa ch  num¬ 
ber  end  Reynolds  number.  If  the  lav-61^-  frictlov  lav  is  obtained  by  the 
fitting  operation  described  in  this  appendix,  but  vith  «  «  0.^0  and  c  *  5»1 
as  recommended  it...  ;sy  earlier  papers,  the  best  straight  line  in  Fig.  3  cocks 
to  intersect  the  vertical  axis  slightly  above  the  point  (0,1).  Laos. tic:,  as 
the  extrapolation  in  question  arounts  to  tne  Inference  of  a  lov-cpced  fric¬ 
tion  lav  iror:  lata  obtained  in  compressible  flov,  consistent  results  c.v. 
only  be  achieved  if  t.ie  values  of  C*-  are  increased  by  about  four  per  ce  it, 
or  the  values  of  the  function  f(s)  ae  fining  the  lav  of  the  vail  are  reduced 
by  about  tvo  per  cent  (except  of  course  near  z  *  0,  vhurc  f—*z) .  (toner 
evidence  can  be  found  to  support  this  revision;  the  resulting  frirsior. 

luv  tor  lev-speed  flov  in  Fig.  ^  is  s  reasonably  good  fit  to  the  float ing- 
elonent  measurements  by  Smith  .‘me  Vulhcr  (l-pd)  and  Schultz -drunov  (1*40), 
at  least  in  the  range  where  tnece  data  overlap. 
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THE  L0C..L  FRICTION  XAV  FOR  THE  TURBUIEN?  BOUNDARY  LAYER 

AT  CONSTANT  PRESSURE 
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slow  Initial  approach  to  full  similarity  in  a  free  shear  flov  such  as  a 
vake  or  Jet,  and  con  be  interpreted  either  as  a  development  of  the  large- 
eddy  structure  toward  equilibrium  or  as  a  change  in  the  conditions  defining 
equilibrium.  .  Under  these  circumstances  it  nay  not  be  proper  to  refer  to  the 
flows  in  question  as  normal  or  as  fully  developed.  On  the  other  hand,  this 
behavior  is  typical  not  only  of  the  data  plotted  in  Tig.  10,  but  also  of  the 
data  plotted  in  Figs.  12  and  lU.  Thus  thero  is  substantial  evidence  in 
favor  of  the  existence  of  the  hypothetical  substructure  flov  defined  in 
Section  IV  as  a  real  limiting  flov,  and  experiments  dealing  specifically 
with  this  point  seem  to  me  to  be  worth  while  in  spite  of  their  difficulty. 
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COMB  IMPKBSoIOIIS 

Ferhopc  the  most  important  point  to  emerge  from  this  study  of  experi¬ 
mental  date,  is  that  it  is  not  as  easy  to  produce  a  normal  boundary  layer 
as  to  coaeon  ly  supposed.  Such  a  layer  once  produoed  can  be  easily  recog¬ 
nized,  for  example  by  neons  of  a  Joint'  toot  of  moncntum  balance  and  of  the 
magnitude  of  the  val:e  component  in  the  manner  demonstrated  here.  Consider¬ 
able  care  should  be  exercised  in  the  choice  of  trippirg  or  thickening  de¬ 
vices,  as  the  recovery  of  a  boundary-layer  flow  from  strong  disturbances 
nray  be  very  Slav  and  nay  involve  three-dimensional  effects.  A  blunt  lead¬ 
ing  edge  seems  to  be  a  satisfactory  tripping  device  for  most  purposes. 

In  fundamental  work  it  is  desirable  to  limit  the  external  turbulence 
level  to  a  value  veil  below  ono  per  cent,  and  to  remove  any  large-scale 
rotation  produced  by  fans  or  compressors  located  upstream  of  the  test  sur¬ 
face.  Sven  00,  difficulties  vlth  three -diiaonrior.al  flow  should  be  expected, 
especially  in  tunnels  which  are  not  fully  enclosed,  and  any  model  mounted 
in  an  open  Jet  should  be  carefully  shielded.  One  test  for  two-dimensionality 
sometimes  used,  a  coopur Ison  of  profiles  treasured  at  several  stations  across 
the  flow,  has  at  most  a  negative  value.  Some  attention  should  he  paid  to 
the  advantages  of  configurations  ..ivi^  axial  syujetry,  as  used  for  exprple 
by  Feindt  (195 6),  Brevoort  and  coworkers  (195&),  and  ViUaarth  (1959)*  This 
suggestion  Is  of  cc  urt.e  not  original  here,  and  is  :  ust  relevant  for  flows 
involving  separation  or  raattachrr.ent . 

Zf  scatter  is  to  be  avoided  is  neasuru:«;nx  c  extending  over  a  consider¬ 
able  period  of  time,  It  in  important  to  monitor  secular  changes  in  Reynolds 
r.umber  caused  by  chafes  in  fluid  density  or  viscosity.  One  tccnnlque 
worth  considering  is  the  use  of  multiple  impact  tuses  or  hot  vires.  L'ne 
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rake  developed  at  Obttingen  (Vieghardt  19U*b) ,  for  example,  vao  undoubtedly 
a  significant  factor  in  the  success  of  the  experiments  In  the  roughness 
tunnel*  for  estimation  of  surface  shearing  stress  the  Preston  tube  (Preston 
195*0  provides  a  means  so  simple  and  reliable  that  its  use  ought  to  be  made 
compulsory*  Finally,  more  emphasis  should  be  put  on  hot-viro  instrumenta¬ 
tion  in  measurements  of  mean  velocity  and  mean  temperature. 

One  interesting  byproduct  of  this  survey  is  the  observation  that  none 
of  the  low-speed  measurements  using  floating  elements  ( Schultz «Grunov  19**0, 
Dhavan  1951,  Smith  and  Walker  195&)  seen  to  be  completely  free  of  anomalies. 
A  similar  state.nent  applies  for  several  experiments  aimed  at  the  problem 
of  low -speed  turbulent  heat  transfer  (Eliar.  1929 »  Johnson  1955*  Spengos 
1956,  Reynolds  1957  and  others) ,  although  it  does  not  follow  that  the  use¬ 
fulness  of  the  heat-transfer  date  is  seriously  Impaired.  By  contrast,  two 
recent  experiments  aimed  at  the  problem  of  mass  transfer  (Dutton  1955b, 
Kick-Ley  and  Davis  1957)  rocoroend  themselves,  so  that  the  associated  meas¬ 
urements  with  vy  different  from  zero  can  be  treated  with  some  confidence* 

In  future  research  in  heat  and  mass  transfer,  more  effort  should  be  made 
to  work  in  tcr.v  of  local  conditions.  In  the  present  3tato  of  the  art,  it 
is  similarity  lavs  for  mean  velocity,  mean  temperature,  and  mean  concen¬ 
tration  which  cce.2  to  provide  t:«c  best  means  for  correlation  of  data  from 
various  sources.  Unfortunately,  the  validity  of  the  commonly  accepted 
similarity  laws  is  under  a  small  cloud  at  the  close  of  this  survey,  and 
further  measurement 0  of  skin  friction  are  needed  at  large  Reynolds  numbers 
In  lew-speed  flow  in  order  *to  clarify  this  question.  For  this  purpose 
it  is  probably  better  to  achieve  a  large  Reynolds  rubber  by  increasing 
scale,  i.e.,  by  using  a  large  facility,  rather  than  by  increasing  velocity 
or  denoity  or  both. 


Finally,  1  will  sake  a  pita  for  experloenters  to  report  their  results 
■ore  completely,  either  in  graphical  or  in  tabular  t'ora,  for  the  sake  of 
future  studies  like  the  present  one.  At  any  given  aoaent  the  lost  word  on 
the  subject  of  turbulence  may  be  an  analytical  one,  but  the  next  to 
the  last  word  Is  usually  experlaental. 
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Appendix  b 

TUB  RELATED  JttALYTICAl  LITERATURE 
THE  EFFECT IVE -TE<IPBRATUR2  HYPOTHESIS 


Because  the  analysis  presented  in  this  paper  has  elements  in  common 
vith  several  previous  contributions  to  the  literature  of  turbulent  eoepres- 
sible  flov,  a  brief  review  of  the  relevant  1  iterators  is  In  order.  This 
review  will  consider,  without  attempting  to  be  exhaustive,  (1)  the  concept 
of  a  metm  or  effective  tenporature  as  a  basis  for  estln&tlne  the  effect  of 
compressibility  on  turbulent  okir,  friction;  (2)  the  concept  of  a  laminar 
film,  or  sublayer,  whose  properties  control  the  friction  and  especially  the 
heat  transfer?  and  (3)  previous  work  on  transformations  designed  to  reduce 
the  equations  of  mean  motion  partly  or  wholly  to  incompressible  fora. 

The  main  assumptions  of  the  effective -teagermture  hypothesis  are  that 
a  friction  lew  is  given  for  incompressible  flow  in  the  fon  (fi),  and 

that  this  same  1 aw  is  valid  for  conpressible  flow  provided  only  that  the 
density  and  viscosity  appearing  in  the  friction  lew  (as  distinguished  from 
the  density  and  viscosity  appearing  in  the  definitions  of  and  R)  are  aval 
uated  at  a  suitably  chosen  oean  or  effective  toqperaturs  T^. 

In  other  words,  ff f  and  ft  are  to  be  raplaead  in  the  friction  lew  by 

and  by 
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respectively.  These  two  relationships,  insofar  as  they  provide  rules  for 
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computing  and  R  when  6^  and  ft  are  given,  axe  equivalent  to  a  transfora¬ 
tion.  The  proper  choice  of  the  reference  length  L  in  Eq.  (B-2),  however, 
is  obvious  only  for  certain  special  cases  of  laminar  flow.  Tor  example, 
if  the  pressure  is  constant  and  the  fluid  ic  a  perfect  gas  vith  viscosity 
proportional  to  temperature,  the  combinations  C and  are  known 
to  be  independent  of  Reynolds  number,  Mach  number,  Prandtl  number,  and  heat- 

transfer  rate.  It  follows  that  the  equations  0_  °  C.T  /T  and 

i  f  m  od 

fL  «  R.(T  /r  )2  will  be  consistent  for  an  arbitrary  choice  of  T  if  L  *  x, 
it  if-  od  n  a 

but  will  be  inconsistent  if  L  ■  9,  In  the  latter  case  it  is  evidently 
necessary  to  put,  instead  of  (B-2), 


or  perhaps 


Thus  if  L  ■  ©  the  viscosity  or  the  density,  but  not  both,  should  be  eval¬ 
uated  at  the  usen  temperature  T^.  Alternatively,  Eq.  ( B-3)  can  be  derived 
by  assuming  that  Eq.  (B-2)  is  correct  when  L  *  x  and  that  mean  and  local 
friction  coefficients  should  transform  according  to  the  same  rule. 

* 

The  quantitative  formulation  of  the  effective-temperature  concept 
begins  with  a  combination  of  Eqs.  (B-l)  and  (B-2)  in  the  form 


The  real  origins  of  this  concept  are  to  be  found  in  early  work  on 
heat  transfer  ir.  enclosed  chanr.elr.  For  such  problems  the  idea  of  a  bulk 
or  mixing -cup  temperature  arises  quite  naturally  in  any  neat-balance  calcu¬ 
lation.  In  thin  review,  however,  I  vill  restrict  myself  to  the  concept  of 
mean  temperature  as  it  nas  developed  in  the  context  of  the  boundary-layer 
equations  for  compressible  flow. 
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v/t-VSF'0^  (b*5> 

which  is  appropriate  for  laminar  flov  vith  similarity  when  the  pressure  ia 
constant.  If  the  fluid  is  a  perfect  gas  but  the.  viscosity  is  not  propor¬ 
tional  to  temperature,  the  product  Cf will  depend  on  Prandtl  number, 

Mach  number,  and  heat -transfer  rate.  This  dependence  can  first  be  deter¬ 
mined  vith  the  aid  of  exact  solutions  of  the  laminar  boundary-layer  equa¬ 
tions,  whereupon  Kq.  (B-5)  can  be  used  to  find  an  appropriate  value  of  T  , 

hopefully  as  a  linear  combination  of  T  ,  T  ,  and  T  (or  T  ,  the  adiaba- 

°oo  % 

tic  vail  temperature) .  This  formula  for  T  ,  in  conjunction  vith  the  trans¬ 
it 

formation  (B-l)-(B-2)  vith  L  ■  x,  then  serves  as  an  interpolation  and  extrap¬ 
olation  device  for  estimating  akin  friction  and  beat  transfer  when  exact 
solutions  are  not  available. 

The  argument  given  here  vas  first  outlined  by  Kansan  in  hla  Volta 
Congress  paper  ( 19  3>)  •  Karmen  also  suggested  a  similar  interpolation  de¬ 
vice  for  turbulent  flov,  and  proposed  as  a  first  approximation  for  T  the 

a 

vail  temperature  T  .  The  merit  of  this  intuitive  suggestion  has  been  es¬ 
tablished  by  a  gradual  accumulation  since  1935  of  exact  solutions  of  the 
laminar  equations  on  the  one  hand  and  of  experimental  data  for  turbulent 
flov  on  tne  other.  An  almost  direct  line  of  descent  from  Kerman's  formu¬ 
lation  to  the  or.o  in  use  today  can  be  traced  through  papers  by  Rubes  in  and 
Johnson  ( 19^9) ,  Young  and  Janssen  (1952),  and  Eckert  ( 195^,  I960)*  Experi¬ 
mental  contributions  to  the  turbulent  problem  have  also  been  made  by  Tucker 
(1951),  Sommer  and  Short  (19*5),  and  others.  Eckert,  in  particular,  has 
acquired  a  kind  of  proprietary  interest  in  the  re forencs -temperature  method 
by  virtue  of  hie  participation  in  applications  of  this  method  to  laminar 
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problems  marked  by  clieaical  changes  (including  dissociation)  and  by  varia¬ 
tions  in  surface  pressure  end  temperature.  As  a  result,  his  195k  ioruula 
for  the  reference  temperature  Tffi, 

Ta  -  0.50  (Ty  +  2fi>)  ►  0.®  (Ta  -  T^)  (B-6) 

is  frequently  quoted,  as  is  an  equivalent  formula  for  reference  entlialpy. 

At  least  two  writers  (Rott  1957,  Burge raf  1961)  have  derived  formulas  simi¬ 
lar  to  Bq.  (B-6)  by  assuming  that  the  characteristic  temperature  for  turbu¬ 
lent  flow  is  the  temperature  at  the  edge  of  the  sublayer  (but  see  also  my 
comments  following  Bq.  (B-13)  and  following  Eqc.  (B-15) -(B-17)  of  this  ap¬ 
pendix).  In  these  two  papers,  however,  the  rain  object  is  to  determine  not 
skin  friction  but  heat  transfer  in  terms  of  shin  friction,  and  the  main 
emphasis  is  therefore  on  the  question  of  an  energy  integral  for  turbulent 
flow.  A  formula  similar  to  (B-6)  has  also  been  derived  by  Itonaghan  (1955) 
using  a  mean  representation  of  the  Crocco  energy  integral. 

In  most  of  this  work  the  independent  variable  has  been  the  Reynolds 
number  Rx,  for  reasons  which  have  little  relevance  for  turbulent  flow.  One 
difficulty  is  that,  there  is  no  generally  accepted  definition  for  R  in  a 

SC 

turbulent  boundary  layer.  Thus  Eckert's  formula  (B-6)  requires 

ynx  ■  (T^/t^)2  to  be  a  rapidly  decreasing  function  of  Mach  number  (i.e., 

p 

V1®  * 1  * 0  .72  r(y-l)  /2  for  adiabatic  flew),  and  there  is  no  assur¬ 
ance  that  turbulent  compressible  flows  cannot  be  observed  at  values  of 

0D 

and  such  that  Is  small  enough  to  be  off  scale  from  the  experimental 
point  of  view.  If  such  cases  occur,  extrapolation  of  a  particular  analyti¬ 
cal  formula  for  Cf(fix)  to  lew  Reynolds  numbers  in  order  to  generate  values 
for  and  C^,  is  a  questionable  procedure  at  best. 
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It  id  therefore  unfortunate  that  much  of  the  conceptual  simplicity  of 
the  effect ive -temperature  method  is  lost  in  working  with  local  quantities, 
ac  for  example  when  Eq.  (5-1)  is  combined  with  the  awkward  Eq.  (B-3)  to 
obtain 
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(B-7) 


This  expression  bears  a  superficial  resemblance  to  the  law  of  corresponding 
stations,  Eq.  (2.21)  of  the  text.  The  lav  of  corresponding  stations,  how¬ 
ever,  is  part  of  a  genuine  transformation  of  physical  flow  variables,  while 
the  relationship  (£-7)  is  probably  best  described  as  a  plausible  but  soas- 
vhat  ^arbitrary  mapping  of  certain  dimensionless  parameters  of  the  problem. 
The  same  distinction  can  be  made  between  Iqs.  (1.22)  and  (5-6)  for  the 
characteristic  temperatures  7  and  T  respectively,  and  between  Iqs.  (2.17) 
and  (B-l)  for  the  local  friction  coefficients.  In  fact,  for  the  ease  of 
viscosity  proportional  to  temperature  the  latter  two  equations  become  for¬ 
mally  Identical  when  T  is  identified  with  T  ,  and  Eckert's  formula  (B-6) 

S  XB 

for  adiabatic  flow  con  then  be  plotted  in  Fig.  5  as  the  straight  line 


T  /T  =  T  iL/T  C  .  =  0.72  +  0.28  T  /T  .  Granted  that  a  better  overall  fit 
to  the  turbulent  data  could  be  achieved  by  altering  the  numerical  constants 
in  Eckert's  formula,  a  more  important  point  here  is  that  this  formula  is 
incapable  in  any  case  of  representing  the  effect  of  Reynolds  number  in  the 
figure. 


THE  IAMXKAR-Fim  HYPOTHESIS 

A  second  empirical  approach  to  the  problem  of  the  turbulent  boundary 
layer  makes  use  of  the  film  or  sublayer  hypothesis.  For  incocqpressible 
flow,  for  example,  the  assumption  is  that  the  oean -velocity  profile  can  be 
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adequately  represented  by  a  combination  of  a  linear  profile  u  ■  v^y/jl  near 
the  vail  and  by  (say)  a  power  leer  u/u^  ■  (y/5)^n  elsewhere  in  the  boundary 
layer*  The  two  curves  intersect  at  the  edge  of  the  sublayer,  where  u  and 
y  tiave  the  values  u^  and  y^  .respectively.  Once  the  ratios  u^/u^  and  y^/6 
have  been  expressed  in  terns  of  6^  and  8g,  it  in  clear  that  one  further 
condition  relating  to  yf  will  detemine  a  local  friction  Ism  in  the  form 
CV  W-  The  condition  in  question  nay  be  obtained  by  assuming  a  con¬ 
stant  sublayer  Reynolds  number  R^.  *  y^/v,  or  alternatively  by  assuming 

a  constant  ratio  of  laminar  to  turbulent  shearing  stress  at  the  edge  of 
the  sublayer,  the  stresses  being  evaluated  with  the  aid  of  a  suitable 
mixing -length  formula.  For  the  case  of  a  power-law  profile  outside  a  linear 
sublayer  these  two  assumptions  can  be  snovr.  to  be  completely  interc'na  .reoble. 

This  formulation  of  the  film  hypothesis  vac  begun  independently  by 
Prandtl  (1910)  and  Taylor  (1916)  in  connection  vith  the  problem  of  turou- 
lent  heat  transfer.  It  was  later  carried  essentially  to  completion  by 


Prandtl  (192£),  who  derived  a  suitable  sublayer  condition  from  the  lUacivj 

local  friction  lav  rat  er  t  iar  vice  versa.  The  formulation  described  here 

*  /  \ 

is  due  to  DonalcLro.  (ly>i),  vie  a-1  *30  extended  hir»  analysis  to  the  cacs  ci 
nigh-speed  flow  by  esrumii in  effect  scat  the  fi.ur  Reynolds  number,  rede¬ 
fined  as  R-  =  0  'j ,  y ,./p  ,  should  be  unaffected  by  eo-iprcucib ility  or  heat 
transfer.  The  .vrv  variables  o.  and  at  the  etf!*  of  the  sublayer  appear 

I  * 

both  Ir  Rc  and  in  the  formula  •:  *-•  u-  u  Jy4  ,  and  cur.  be  deter*  .ned  when  a 

.  v  1  1  j 

viscosity  lav  and  an  energy  Integral  nave  bee;,  specified. 


I  believe  t.uit  Donaldson':  pnper  de  rervus  a  pro.inest  place  i..  any 
review  of  tne  analytical  literature  of  tic  comprv.;  -.ible  turbulent  boundary 
layer.  .  ne  reason  t.uat  this  paper  uvu  .stood  ol.'Out  alone ,  pending  the 
_  ret  application  ox  coordinate  transfor  v  turtui.v.t  flow,  it  re- 

cognizi. t.ne  increase  in  tne  re  l*\i  ive  tw.ia-i.ifcu.-:  uf  the  sublayer  as 
,’is.cu  numbers  as  t.;e  dominant  eiiuct  .f  co^r..  .k.  .  lity. 
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Among  the  relationships  derived  explicitly  or  illicitly  in  Donaldson's 


original  paper  are 
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(B-10) 


whe re  it  has  "been  assured  for  the  sal:e  of  simplicity  that  Tq  ic  constant 

and  that  p  is  proportional  to  ?.  The  first  of  these  eouations  follows  on 

eliminating  between  the  linear  and  power-law  profiles  at  their  inter- 

cftction  ;  the  second  on  eliminating  y  in  i’a /or  of  in  the  linear  profile; 

end  the  thira  on  putting  u  *  u.  mid  T  =  7f  in  tins  energy  integral 

C  T  r  \x~/2  =  C  T  =  constant  (cay), 
p  p  o 

If  now  u^/u  is  eliminated  between  (B-6)  and  (B-9)  on  the  one  hand 

X  oc 

and  between  (B-9)  and  (B-10)  or:  the  other*  a  local  friction  low  for 
C„,(lO  i~  obt.uii.cd  in  parai.iut.ric  form  as 

X  W 
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(B-li) 


For  I-i  *  0  and  n 
oo 


Y,  Eq.  (B-ll)  becoi-ver  the  Blaaiui  lav  C„ 
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Tables  of  tne  rutio  ®/S .  whicn  depends  on 
exponent  n  in  the  power-lav  profile,  have  beer,  pub 
(e.g:.,  Tucher  1991;  Pern:,  and  Lee  1.956)  for  che  more 
relationship  given  by  the  Crocco  energy  Integra?. . 
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In  vhich  the  numerical  coefficient  O.Olj?  implies  the  value  Rf  *  1^8  noted 

►  \  i 

by  Donaldson. 

Xt  is  worth  noting  that  3q.  (B-ll),  vhich  is  the  sane  as  Eq.  (17)  of 
Donaldson's  paper  (TK  2692),  can  ie  rewritten  for  a  general  viscosity  lav 
in  the  terminology  of  the  effect ive-teraporature  concept;  thus 
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Within  the  limitations  of  the  pover-lav  approach,  therefore,  the  local  fric¬ 
tion  lav  in  the  form  C^.  *  C^K^)  is  found  to  be  unaffected  by  cotq?re c sibil - 
ity  or  heat  transfer  if  the  density  and  viscosity  ore  evaluated  at  a  film 
temperature  which  is  defined  for  the  case  of  constant  stagnation  temper¬ 
ature  by  Bq.  (5-12).  Consequently,  one  effect  of  the  special  assumptions 
of  the  film  hypothesis,  as  compared  to  the  much  less  specific  assumptions 
of  the  effective-temperature  hypothesis,  is  to  provide  an  explicit  formula 
(  showinc  a  weal;  dependence  on  Reynolds  number)  for  an  effective  temperature  . 
T^.  The  film  analysis,  however,  does  not  appear  to  be  equivalent  to  a 
transformation,  as  no  rules  are  provided  for  tr.e  identification  of  corre¬ 
sponding  stations. 

Finally,  the  close  re  scrib  lance  of  the  formula  (B-12)  to  my  equation 
(^•33)i  which  can  be  written 


1  ♦ 


> 


"»  cr 


(B-H) 


also  deserves  a. comment.  The  linear  sublayer  profile  is  a  rudimentary  form 
of  the  law  of  the  vail,  and  Vhe  condition  *  constant  Is  a  general  con¬ 
sequence  of  the  latter  lav,  at  least  for  the  case  of  incompressible  flow. 
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Donaldson* 3  intuitive  and  indirect  extension  oi  this  condition  to  the 
compressible  case  (in  terras  of  the  ratio  of  shearing  stresses  rather  than 
the  Reynolds  number  Rf ,  and  without  benefit  of  any  real  similarity  law  for 
the  mean* velocity  profile)  sets  a  precedent  which  Z  am  pleased  to  follow. 
However,  my  own  arguments  at  the  beginning  of  faction  IV  proceed  by  way  of 

1  ^ 

the  full  law  of  the  wall,  the  transfomation,  and  the  presentation  of  ex¬ 
perimental  data  in  Fie*  *j,  and  the  most  important  element  common  to  the  two 
approaclics  is  the  emphasis  on  conditions  within  and  near  the  edge  of  the 
sublayer,  llo  reover,  Donaldson  did  not  notice,  peri  taps  because  he  did  not 
actually  write  cut  Eq.  (B-12)  or  perhaps  because  his  analysis  neither  sug¬ 
gested  nor  required  such  a  result,  that  the  effective  temperature  ratio 
■fj/Tw  in  thi 3  equation  is  in  fact  a  function  only  of  7  and  T^/p  end  is  thus  . 
formally  independent  of  conditions  in  the  outer  flow,  including  the  expo- 
nert  n  in  the  power-law  representation  of  the  mean -velocity  profile. 

An  analysis  not  unlike  that  of  Donaldson  has  also  been  described  by 
3pence  ( 1959) ,  who  combined  a  power-law  outer  profile  with  the  lew  of  the 
vail  near  the  surface,  the  two  curves  intersecting  (more  properly,  osculat¬ 
ing)  at  a  point  in  the  logarithmic  region  of  the  latter  law.  On  matching 
the  velocity  gradients  as  well  as  the  velocities  at  this  point,  he  obtained 
a  power  lew  for  Spence's  treatment  of  the  compressible  eaee  in- 

1 

elude 4  the  substitution  of  o  for  5  end  u  for  p,  with  0  and  u  evaluated 

c  m  mm 

at  Eckert's  mean  temperature.  He  also  introduced  a  partial  transformation 

,.y 

by  substituting  n  *  \  (p/p  )  dy  for  y.‘  The  resulting  local  friction  law 

Jo  “ 

differs  only  slightly  from  Donaldson's  formula  (B-13).  Spence  also  exa¬ 
mined  a  limited  amount  of  experimental  data  in  transformed  coordinates* 

His  most  significant  contribution  to  the  problem  of  the  turbulent  boundary 
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laytr,  however,  in  probably  hlo  Ingenious  derivation  ol‘  a  pover-lav  shear¬ 
ing -stress  profile  for  use  in  the  Integration  of  the  energy  equation, 

fI‘RANSy0RMAJI0N5 

The  prior  art  in  transformation  of  the  turbulent  boundary-layer  equa¬ 
tions  begins  vith  papers  by  Dorodn  itayn  ( 1942b)  and  Van  Le  (1953)#  both  of 
whom  considered  only  the  momenta-.- integral  equation  of  von  Karaan.  Tbe 
first  atte.-.ipt  to  transform  trie  differential  equations  of  mean  motion  for  a 
turbulent  boundary  layer  vas  made  by  Mager  ( 1957) »  in  an  analysis  which  is 
restricted  to  t.:e  case  of  adiabatic  flov  of  a  perfect  sas  with  Pr  -  1  and 
u/T  »  constant,  I'ager's  three  main  accurqitior.r  arc  (1)  that  streamlines 
should  be  transformed  into  streamlines  by  the  transformation;  (2)  tiiat 
laminar  and  turbulent  shearing  stresses  shov'd  be  trar.sfonsed  by  the  sane 
rules  (in  Jager’c  paper  this  a3ox.pt io a  i..:  expressed  by  a  re.mrlioble  ra¬ 
tionalisation  which  jx*  sometime j  been  repeated  by  later  writers,  e.g., 

Vaglio-Laurln  19pc);  and  (2)  that  tnc  trer. of oration  oho.dd  reduce  to  the 

# 

identity  transformation  w nun  both  flows  axe  iricouprvceible  • 


£ 

The  lii.-.Lt&tions  inherent  in  these  assumptions  Jiave  controlled  the 
evolution  of  my  own  work  on  the  srancforr«.tv:.i..  iiy  origi-ol  point  of  de¬ 
parture  vas  a  .  rovioas  generalization  of  the  law  of  the  vail  to  compressi¬ 
ble  flov  (Coles  195i)»  '-‘his  jcnerali nation  resembled  Eq.  ( 4 . ^ )  of  the  pres¬ 
ent  paper,  except  that  OMy/ix  van  written  as  Of/pv#  vit.i  ty  -  by  defin¬ 

ition.  7ne  sublayer  r/pothe&is  vas  first  formulated  essentially  as  in  Iq. 
(4.9),  except  that  o-  was  written  a;  p*  and  uc  vas  written  as  For 

the  special  ctoe  :c  =  constant  and  u/’T  ~  constant,  a  formula  for  u3/uy  equi¬ 
valent  lo  Eq.  (4.1?)  vac  tnen  obtained.  This  formula,  however,  required  us 
to  very  vitn  tv  a.vu  -icnce  with  x  in  flow  at  constant  pressure,  whereas  the 
original  generalization  of  t;*c  low  of  the  wall  required  u3  -*  Oyv»y/pt  to  be 
independent  of  >:. 

Ln  the  hope  of  resolving  this  >. ; consistency,  I  next  took  up  the  ques¬ 
tion  of  a  full  trar  s format  Lot i  of  the  ‘differential  equations  of  mean  rrrtion. 
My  first  essay  differed  fro-  t  :e  o.  c  reported  in  this  paper  in  two  important 
respects.  Firstly,  the  ptra’cter  a  vas  oruitted  througnout ,  ina&imcn  as 
I  uesuned  (  following  f.tevurtson,  Mager,  and  otners)  that  streamlines  should 
be  truiisfor-joa  into  Ktrcw Hines.  .Secondly,  physical  considerations 
ployed  a  part  only  in  t  ie  redaction  of  the  equation  corresponding  tc 
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The  third  of  those  three  assumption  accounts  for  the  fact  that  the 

< 

concept  of  effective  temperature  is  frequently  invoked  in  connection  vlth 
the  t  rone  format ion .  Most  writers  on  the  subject  have  considered  one  or 
;aore  of  the  relationships  (here  written  in  my  notation,  with  viscosity 
taken  as  proportional  to  temperature) 


(B-15) 
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The  only  distinction  ordinarily  made  between  these  equations  and  the  cor* 
responding  equations  (3-1)  -(  Ij - 3 )  of  the  effective -temperature  analysis  is 
that  the  reference  quantities  p  and  |i  represent  fluid  properties  ir.  on  in¬ 
compressible  flow  which  is  reluted  to  the  compressible  one  by  the  transfor¬ 
mation,  while  the  reference  ouan titles  ana  n  refer  to  fluid  properties 

CSTBy.”  The*lres ult in*'  analysis^"  alt-ough  it  diTyieYtf  the  luSTof-  correspond¬ 
ing  stations,  did  not  oucceeu  in  re:  moving  the  inconsistency  at  issue.  Tne 
ordinate  of  Fig.  for  example,  appeared  as  (1/^;  consequently,  this  ratio 
vus  fixed  by  the  transformation .  and  the  parameter  p  could  not  be  chosen 
arbitrarily.  Furthermore ,  the  effect  of ^Reynolds  number  in  this  same  figure 
could  only  be  accounted  for  by  allowing  p  to  depend  on  x. 

There  follcvei  a  considerable  pause,  durin,.  which  the  logical  precises 
of  the  analysis  were  reexamined.  It  finally  became  clear  that  the  funda¬ 
mental  assumption  f  *  %  for  the  trcrsfor.iatioii  vus  ir.  fact  an  unnecessary 
und  unjustifiable  e;rtrapolatior.  of  experience  with  laninar  flow,  The  func¬ 
tion  e  was  then  introduced  by  writing  f  *  vt;  as  in  Sq.  (2.3),  and  the  trans¬ 
formation  was  worded  out  substantially  as  given  »ere  except  that  p  and  r 
were  still  defined  (again  following  Stewart  son  aid  .'lager)  in  the  convention¬ 
al  way,  without  regarc  to  the  principle  of  observability.  A3  a  result  the 
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at  caw  intrinsic  refe.*o  :ce  state  for  the  coaorecsible  flow  itself.  If 
the  t run ofomat ion  Is  required  to  reduce  to  the  identity  transforation 
when  both  flown  are  incompressible,  this  beco.ee  e  a  distinction  without  a 
difference,  and  the  choice  of  a  reference  state  lor  the  trunnion  nation  is 
equivalent  to  on  application  of  the  effective -temperature  method. 

Thus  llagcr  coo^  p  and  jl  to  be  the  isentropic  stacnation  values  for 

the  compressible  flow,  and  used  Eos.  (3-1^)  and  (3-17)  ana  a  suitable  lov- 

opeed  friction  lav  to  compute  C  *  U_/u.  for  fixed  C  „  "/"IT,  In  this 

i  x  oo  o  r  v  « 

00 

calculation,  which  is  very  like  that  of  Karr.ian  ( IJ35) ,  Hager  assumed  a 
power  lav  for  u(T)  in' place  of  the  relationship  \x/T  »  constant  appropriate 
to  his  tranefor-ut ior. .  Burgerai  (I9ul)  later  nodified  Mager'c  result  by 
evaluating  p  and  p  at  the  edge  of  the  sublayer;  i.e.,  at  the  intersection 
of  the  linear  and  logarithmic  representations  for  the  mean -velocity  profile, 
without  commenting  on  the  fact  that  the  fluid  properties  in  the  incompres¬ 
sible  flow  must  then  depend  on  x.  Culick  and  Hill  (1958)/  malting  a  point 
of  Sq.  (B-l6)  but  not  of  the  lav  of  corresponding  stations,  determined 
jl/u^  from  Eq.  (B-15)  by  using  experimental  values  of  for  fixed  C^. 

They  also  concluded,  independently  of  Mager,  that  p  and  p  should  be  evalu¬ 
ated  at  the  isentropic  stagnation  condition  (but  note  the  contradictory 


validity  of  the  transformation  seemed  to  be  limited  by  physical  considera¬ 
tions  to  the  cases  p  *  constant  or  *  constant  (cf.  the  footnote  follow¬ 
ing  Bq.  3.10).  The  lav  of  corresponding  stations  and  the  substructure 
hypothesis,  on  the  other  hand,  were  presumably  not  limited  to  these  cases. 
After  another  pause,  I  vas  able  to  reformulate  the  principle  of  observa¬ 
bility  as  in  the  intiroductlon  to  this  paper.  At  the  saas  tine  several 
other  issues  were  clarified,  Including  the  reduction  to  an  Identity  trans¬ 
formation,  the  recovery  Of  the  condition  a  *  constant  for  laminar  flow, 
and  the  role  of  the  state  and  energy  equations  and  the  viscosity  lev  in  the 
direct  and  inverse  transformations. 
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evidence  In  uy  Fig.  5).  And  so  on  through  a  number  of  other  analyses  , 
most  of  which  arc  applications  of  the  transformation  technique  to  various 
practical  problems. 

I  will  close  by  commenting  briefly  on  vliat  nicht  be  called  the  un¬ 
finished  business  of  the  transformation.  For  the  purposes  of  this  discus¬ 
sion  it  is  Instructive  to  view  the  transformation  as  a  kind  of  bilingual 
dictionary  used  to  translate  statements  about  compressible  flows  Into  cor¬ 
responding  statements  about  associated  incompressible  flows,  aid  rice  versa, 
ine  construction  of  the  dictionary  should  insura  that  the  sense  of  certain 
fundamental  statements,  particularly  physical  laws  for  the  conservation  of 
iaass  and  moment  urn  tocether  with  supplementary  ideas  about  boundedness  and 
observability  of  physical  quantities,  will  be  correctly  translated.  For 
:aoro  specialized  subjects,  however,  the  vocabulary  of  the  transformation 
nay  have  to  be  enlarged.  By  definition,  any  material  used  for  this  purpose 
must  itself  be  capable  of  translation,  although  it  may  be  satirical  and 
heuristic  In  nature.  Typical  axaqples  of  such  special  vocabularies  axe 
those  provided  by  (l)  the  assumption  of  Newtonian  friction  for  laminar 
flow  and  (2)  the  substructure  hypothesis  for  the  tuitoulsnt  boundary  layar 
on  a  smooth  wall. 

A  number  of  problems  not  yet  touched  upon  nay  be  classified  in  terms 
of  this  metaphor.  The  turbulent  wake  and  the  turbulent  boundary  layer  on 
a  rough  surface,  for  example,  will  also  require  special  vocabularies.  In 

1  y 

In  the  present  analysis  tbs  aquations  corresponding  to  (M3)-(B-17) 
are  (2.  17),  (2.20),  end  (fc.2t);  the  solution  proposed  for  tbs  problem  of 
a  reference  temperature  is  the  sib  structure  hypothesis;  and  the  x  lependenos 
of  the  reference  properties  is  assigned  to  the  parameter  #(x)  ■  u/tigix) 
rather  than  to  the  parameter  |I  alone. 


both  case  3  the  viscosity  is  on  artificial  parameter,  and  a  one  of  the  re¬ 
lationships  derived  here  —  beginning  vith  the  lav  of  corresponding  sta¬ 
tions  in  the  case  of  the  boundary  layer  —  will  have  to  be  reconsidered* 
Inasmuch  as  an  adequate  description  of  the  raeau  properties  of  lov- speed 
flow  is  available  in  both  cases,  and  inasmuch  os  the  effects  of  compressi¬ 
bility  on  drag  for  rough  surfaces  are  also  known,  neither  of  these  problems 
seems  to  be  really  formidable. 

Certain  other  problems,  however,  will  require  come  preliminary  work 

a 

i n  composition  before  the  question  of  translation  can  even  be  raised.  Prom¬ 
inent  among  these  problems  are  the  effects  of  moss  transfer  and  of  pressure 
gradient  in  compressible  turbulent  flow.  In  the  one  case  the  methods  of 
this  pspsr  seem  to  require  first  a  satisfactory  generalisation  of  the  lav  of 
the  vail  for  lov -speed  flow  with  mass  transfer,  and  then  a  corresponding 
generalization  of  the  substructure  hypothesis.  In  the  other  case,  that  of 
£2rm  vita  pressure  gradient,  there  is  no  real  difficulty  with  the  substruct¬ 
ure  hypothesis,  or  vith  formulas  like 
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iralch  follow  fre:-  tnlr  uypothvclG  for  adiabatic  flow  vith  T  --  constant 

Vv 

and  u/T  -  constant.  Instead,  the  difficulty  is  with  the  condition  connect¬ 
ing  the  tvo  vurubies  K  and  C„  on  the  right-har.d  side  of  this  formula. 

oo  f 

For  laminar  flow  it  vas  shown  in  Section  III  that  the  condition  dp/dx  «  0 
implies  tj/o  *  u^/u^  =•  constant,  while  a  special  argurjent  based  on  the 

assumption  that  t  should  transfort,  like  udu/dy  throughout  the  flow  was 

r .  o  /- 

necessary  in  order  to  extend  r,n  is  result  --  in  t.e  form  •;  (a  =  T  /V,  or 
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-  G/V  7RT  »  With  the  auxiliary  conditions  T  =  constant  and  u/T  «= 

constant  —  to  the  case  dp/dx  /  0.  For  turbulent  flov  the  condition  dp/dx  =  0 

still  implies  t)/o  -  constant,  but  the  arcument  used  for  the  caee  dp/dx  /  0 

no  longer  holds.  Consequently  the  transformation  cannot  yet  be  applied 

vitu  confidence  to  turbulent  flov  In  a  pressure  grad,  ont,  regardless  of 

che  methods  used  to  relate  the  incompressible  vari.  .les  u_  and  5.  in  the 

ao  f 

associated  low-speed  flov.  Moreover,  the  status  of  the  conditions  Tq  = 
constant  and  |i/T  «  constant  for  flows  with  pressure  gradient  is  at  best 
uncertain. 

Finally,  the  problem  of  heat  transfer  is  typical  of  several  problems 
which  oust  always  lie  outside  the  scope  of  any  transformation  incorporating 
the  idea  of  observability.  The  reason  is  that  equations  of  state,  energy* 
or  concentration  involve  concepts  existing  only  in  one  language  and  not  in 
the  other,  and  so  arc  Inherently  incapable  of  being  translated.  At  the 
same  time,  sues  statements  will  enter  into  the  description  of  physical 
quantities  in  tlie  compressible  flow,  and  will  frequently  conplicate  both 
the  direct  and  the  inverse  transformations.  Ac  long  as  the  cannon  practice 
of  honoring  the  energy  equation  in  the  breach  is  continued,  therefore, 
the  snoot  elegant  results  of  any  t  ran  s  format  ion  are  lively  to  he  the  least 
realistic  ones,  and  nc  nev  contributions  to  the  subject  of  heat  transfer 
in  turbulent  t'lov  can  be  expected,  i'y  own  feeling  i;;  that  more  attention 
should  on  paid,  both  experimentally  sna  analytically,  tc  the  development 


o:  ‘-i.nl aarity  lave  for  static  and  3tagr.ai.o->  t^rperature.  I  liave  empha- 
ixeo  tnis  tljat  tht*  turbulent  shear  ir,-  stress  car*  be  readily  in¬ 

ferred  .  ra\  the  eerre-:  po.viinj  sir.::- '  xrity  lavr  velocity;  in  fact,  a 

•  * 

vo;  icie  for  thic  calcuiutio  In  t.:«s  case  of  co-naror.sibxe  flov  has  been 
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provided  In  Sq.  (3.11),  At  leant  In  principle,  trie  turbulent  heat  transfer 
can  be  Inferred  in  the  same  way  from  art  empirical  knowledge  of  the  velocity 
and  temperature  fields,  and  the  relationship  between  sliearinc  stress  and 
beat  transfer  In  turbulent  flow  can  thus  be  nxuie  experimentally  accessible 
without  recourse  to  difficult  hot -wire* tecnaiques  for  the  direct  measure  - 
meat  of  q  and  t. 
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Fig.  4 .  Floating- element  measurement^  of  local  surface  friction  in  air. 
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Pig.  6.  Stagnation- temperature  distribution  in  adiabatic  supersonic  1‘low. 


Fig.  T-  Indirect  evaluation  of  the  substructure  Reynolds  number  H  . 
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Fig.  IT.  Moment um  balance  for  the  data  of  Fig.  16. 
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Fig.  5.  Friction  data  in  conprooslule  flow  according  to  the  crams 'rr.-ati-n. 


Fig*  9*  Maxis  run  local  friction  coefficients  *s  observed  in  air  and  heliun. 

(Ooen  syubols,  natural  transition;  solid  symbols,  tripped.) 
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Pig.  lou,  b.  Strength  of  the  wake  component  at  large  Reynolds  numbers. 
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Pig.  19.  Strength  of  the  wake  component  for  Smith  and  Walker's  data  as 
a  function  of  Reynolds  number  pex-  unit  length.  (Solid  symbols 
are  Rg  <  ID, 000  in  Fig.  lo.) 
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Pig.  20.  Momentum  balance  for  the  data  of  Pig.  13. 


Pig.  21.  Typical  profile  of  Smith  and  Walker  in  terms  of  the  lav  of  tha  wall. 
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Fig.  22.  Comparison  of  t  and  pu  for  floating- element  friction  data. 
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Pig.  23.  Local  friction  lav  for  the  equilibrium  boundary  layer;  see  also  Pig. 

(Legend  same  as  Fig.  10.)  ' 


